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Abstract This article introduces a novel design abstraction
concept for efficient truss topology and geometry optimiza-
tion. The core advancement introduced here is to represent
truss topology and geometry using rules of generative algo-
rithms, and to operate on generative algorithm rules using a
genetic algorithm rather than directly on the design descrip-
tion. This indirect design representation supports efficient
exploration of variable and high-dimension design topolo-
gies. Generative design strategies are also independent of
any kind of ground structure, thus avoiding the inherent
limitations of ground structure approaches that may hin-
der innovative design solutions by defining a priori what
topologies may be considered. We present new generative
algorithm strategies that automatically satisfy structural sta-
bility constraints, and that can produce truss topologies with
a diversity of patterns within an individual truss design.
Truss topology and geometry is optimized in an outer-loop
by a genetic algorithm that operates on generative algorithm
rules, and size optimization is performed in an inner-loop
for each candidate topology using sequential linear pro-
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gramming. The proposed methodology supports concurrent
optimization of truss topology, geometry, and size. The gen-
erative algorithm abstraction layer also supports the design
of variable-dimension structures, which can be generated
from the same fixed-dimension rule set. Finally, we demon-
strate the effectiveness of the new methodology by exam-
ining archetypal two- and three-dimensional truss design
optimization problems.

Keywords Truss topology optimization · Generative
algorithms · Structural optimization

1 Introduction

Design dimension can vary during the development of many
engineering systems. For example, the addition or removal
of system elements in truss or automotive powertrain design
changes the dimension of the set of continuous design vari-
ables, thus complicating design optimization. Because the
number of system elements in the optimal design is not
known a priori, a design vector that permits the optimal
system design to be described cannot always be defined
before problem solution. One well-known solution is to use
a ground-structure approach where a large number of avail-
able system elements are pre-defined and the optimization
vector specifies the existence (and in some cases geometry
and size) of these elements. This approach is fundamentally
limited, as the number and relationship of elements cannot
deviate from what is allowed by the ground structure. Estab-
lished approaches that discretize a given design domain,
such as SIMP (Bendsøe and Sigmund 2003), are similar
in that the number of potential system elements and the
available relationships between them are predefined. The
new generative-algorithm-based approach presented here
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overcomes these limitations by accommodating variable
design dimension problems and allowing the exploration of
design alternatives not prescribed a priori. We demonstrate
the effectiveness of the proposed methodology for solving
truss design problems with respect to size, geometry, and
topology using several archetypal truss design optimization
problems.

2 Truss optimization problems

Truss design optimization can be classified into three
widely-studied main categories: (i) size, (ii) geometry, and
(iii) topology optimization. In sizing optimization of trusses,
cross-sectional areas of members are design variables, and
the coordinates of the nodes (joints) and connectivity among
various members are fixed. In geometric optimization of
trusses, nodal coordinate positions are treated as design
variables. In truss topology optimization, parameters that
govern truss configuration are design variables, while node
positions are held fixed. Early efforts in truss size opti-
mization were carried out by Venkayya (1971), Schmit and
Farshi (1974), and Dobbs and Nelson (1976). Goldberg and
Samtni (1991) and Rajeev and Krishnamoorthy (1992) used
evolutionary algorithms to solve the truss size optimization
problem.

One of the most well-used methods for topology opti-
mization is the Ground Structure approach. When this
method is utilized for truss design, a fixed grid of joints
is specified and potential structural connections between
these joints are defined. Given a set of boundary condi-
tions and applied loads, the optimum structure is found
using the cross-sectional areas as design variables, includ-
ing the possibility of zero-area members. Using a large
number of joints can help increase the variety of possible
designs, but results in a more difficult to solve optimization
problem. The combined truss size and topology optimiza-
tion problem has been solved by Hajela et al. (1993), Deb
and Gulati (2001), and Hagishita and Ohsaki (2009) using
genetic algorithms (GAs).

As the ground structure studies described above do not
incorporate geometry optimization, an important next step
was to extend this approach to include joint position opti-
mization. Many GA-based approaches have been developed
for integrated size, geometry, and topology optimization.
Rahami et al. (2008), Giger and Ermanni (2006), Rajan
(1995), Balling et al. (2006), and Kaveh and Laknejadi
(2013) all used evolutionary algorithms to find the optimal
size, geometry, and topology of trusses.

In this paper, we present a new methodology to solve
the combined size, geometry, and topology truss design
problem using generative algorithms as an abstraction layer
between an outer-loop GA that solves the topology and

geometry design problem and an inner-loop sequential lin-
ear programming (SLP) implementation that solves the
size optimization problem. The advancement presented here
utilizes generative algorithms as an abstract design repre-
sentation of truss structures. Generative algorithms apply
rules recursively to produce designs, and a given genera-
tive algorithm can yield a wide variety of unique designs
by adjusting parameters that govern these recursive rules.
Generative algorithms have been used widely in the fields
of generative art and architecture (Reas and Fry 2006).
Recently, one type of generative algorithm, cellular divi-
sion, has been applied to structural topology optimization,
but these early implementations have been limited to pre-
defined design domains and have not been applied to truss
design (Pedro and Kobayashi 2011). Another type of gener-
ative algorithm, cellular automata, was applied to structural
optimization where a low-dimension rule set was used in the
optimization of high-dimension truss structures (Kicinger
et al. 2005). A similar example of low to high dimension
mapping can be seen in the work of Toropov and Alvarez
(1998), where the authors used genetic programming to
develop models of various dimensions based on some fun-
damental, low dimension, operations. Toropov’s work also
enables the exploration of variable-dimension designs. Here
we similarly use a generative algorithm that outputs truss
topology (of arbitrary dimension) and geometry based on
a small fixed size set of generative rules. The best per-
formance of each candidate truss topology is assessed via
an inner-loop problem that solves the size optimization
problem using sequential linear programming.

Instead of optimizing in the topology design space
directly, optimization is performed in the generative algo-
rithm parameter rule space. Design space dimension varies,
whereas the rule space dimension is constant. Adjusting the
generative algorithm rules results in different topologies,
including topologies with different numbers of system ele-
ments. The generative algorithm maps an abstract design
specification in the rule space to the design space. Since the
rule space dimension does not grow with system dimension,
this approach provides the potential for scaling up to much
larger system design problems than can be solved using
conventional methods, and exploration of a diverse set of
topology designs.

The rest of the paper is organized as follows. First, use of
generative algorithms in topology optimization is reviewed.
Then cellular division using map L-systems, the generative
algorithm used in this work, is discussed. Following that, a
new truss design methodology based on a modification of
map L-systems is presented. Results are demonstrated using
a pair of two-dimensional benchmark truss design optimiza-
tion problems (including a comparison to a ground structure
design strategy), and an extension of this methodology to
three dimensions is demonstrated using a well-known space
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truss design problem. The conclusion summarizes main
findings and identifies important opportunities for future
work.

3 Generative algorithms in topology optimization

Generative algorithms are a promising strategy for meet-
ing the challenging requirements in general topology design
optimization. While generative algorithms have been used
extensively in artistic expression (Boden and Edmonds
2009; Pearson M 2011; Krish 2011), they have only recently
been applied to engineering design (e.g., structural opti-
mization (Rieffel et al. 2009; Pedro and Kobayashi 2011;
Stanford and Beran 2013) and robotics (Hornby et al. 2001,
2003; Hiller and Lipson 2010; Cheney et al. 2013). In
engineering design applications, the rules that govern gen-
erative algorithms are parameterized such that they can be
tuned by an optimization algorithm, such as an evolution-
ary algorithm (Eiben and Smith 1999). In other words,
designs are represented abstractly using generative algo-
rithms. Generative algorithms do not make design decisions,
but their rule parameters represent the design, eliminating
the need to represent every element of a complex design
directly.

Using generative algorithms to represent topology design
allows optimization algorithms to operate in the algorithm
‘rule space’ instead of directly in the design space. Low-
dimension generative algorithm rules can produce designs
with a wide range of dimensions. This improves optimiza-
tion efficiency and allows engineers to scale up to much
larger system design problems (Hornby et al. 2003). This
property is especially desirable for topology optimization,
where the number of system elements can vary between
design candidates, and the dimension of the optimal design
is unknown a priori. Generative algorithms serve as an
abstraction layer that keeps the dimension of the opti-
mization space constant and enables the use of standard
optimization algorithms.

Standard MINLP (mixed-integer nonlinear program-
ming) formulations and algorithms, such as those described
in Nemhauser and Wolsey (1999), require that the set of
optimization variables is defined a priori, and that this
set does not change during solution. Attempting to solve
a variable-dimensions truss design problem using a direct
design representation would require that either the number
of optimization variables changes during the solution pro-
cess, or that a ground-structure method is used that defines
available members and connections. The first approach vio-
lates MINLP requirements, and the second limits the set of
design topologies that may be considered. Indirect design
representations, such as generative algorithms, can help
address these shortcomings.

Generative algorithms may also be classified according
to design representation type (i.e., direct vs. indirect). For
example, cellular division algorithms are a natural anal-
ogy to truss topology and geometry where edges represent
bar members and intersection of two or more edges repre-
sents pin joints. The output of cellular division algorithms
is a direct representation of truss design. In contrast, graph
evolution algorithms (Leskovec et al. 2005; Berlingerio
et al. 2009) (another class of generative algorithms) may be
used more naturally as an indirect truss design representa-
tion, where nodes correspond to bars and edges represent
connections between bars.

3.1 Survey of generative algorithms

The visual nature of truss geometry and topology provides
another link to existing generative algorithms that are tradi-
tionally used for visual art and design. Here a sampling of
generative algorithms that have been developed for artistic
expression is reviewed and their relationship with topology
design is discussed.

Algorithms with potential for direct representation of
geometry and topology are reviewed first, including algo-
rithms that perform Delaunay triangulation or generate
Voronoi diagrams, including the Bowyer-Watson algorithm
(Bowyer 1981; Watson 1981) and Fortune’s algorithm (For-
tune 1986). The Voronoi diagram is an established tool in art
and design. For example, it is the basis of the Adobe Pho-
toshop Stained Glass filter (Brooks 2006) and a key method
in more complex visual works such as Levin’s Segmen-
tation and Symptom (Levin 2000) and the archaeological
data visualization methods of Varinlioglu et al. Varinli-
oglu et al. (2012). A related class of algorithms, Venation,
may have application as either a direct or indirect topology
representation method (Runions et al. 2005).

Tree-layout algorithms are often used to generate frac-
tals and fractal-like imagery. These algorithms are either
most concerned with the tree hierarchy, such as the
Reingold-Tilford algorithm, or with tree scalability (Grivet
et al. 2006). Lindenmayer (or L-) systems were orig-
inally developed to simulate the growth of plants and
trees (Prusinkiewicz and Lindenmayer 1991; Romero and
Machado 2008). While L-systems have been used recently
in structural design, they have been used more extensively
in visual arts (e.g., Thorp’s tree.growth (Thorpe 2013) and
Coyne’s Context Free project (Coyne 2013)).

Particle systems involve a collection of autonomous
agents that can be influenced by other agents and have been
used to model both natural processes and physical behav-
iors (Liggett 2004; Del Moral et al. 2012; Shiffman 2012).
Notable examples include the generative design works by
Maddox such as Ribbons, Filaments, and Anemone, as well
as in his interactive games Oasis and Pulsus (Maddox
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2011). Particle systems have the potential as either direct or
indirect algorithms for topology design, depending on the
specific algorithm and whether agents represent vertices or
edges.

Many seemingly unique algorithms used in visual gen-
erative art and design practice are, in fact, not unique in
terms of the actual algorithms that are used; rather, it could
be argued that it is the combination and representation of
existing algorithms that is a novel pursuit. Casey Reas, a
preeminent visual generative artist, designer and co-founder
of Processing (Reas and Fry 2006), describes the con-
stituent generative works of his Process Compendium using
terms such as form, behavior, and element to establish a
pseudocode-like language (Reas 2010). Many of his works
that demonstrate this language not only exhibit characteris-
tics of particle systems and an L-system-like grammar, but
their use of circles and lines as primitive forms suggest the
potential for use in generating graphs indirectly.

4 Cellular division in map L-systems

Lindenmayer systems, or L-systems, developed by the biol-
ogist Aristid Lindenmayer (Prusinkiewicz and Lindenmayer
1991), represent a novel type of string rewriting carried out
in parallel. A rewriting system applies rules to modify a
string of symbols. Parallel rewriting systems make changes
to multiple symbols in the string simultaneously. Map L-
systems extend the parallel rewriting in L-systems to planar
graphs with cycles called maps. In other words, the sym-
bols in the string are an abstract representation of a planar
graph. The maps are evolved according to cellular division
rules during the execution of a map L-system algorithm.
Formally, a map is defined as a finite set of regions, each of
which is bounded by a sequence of edges that intersect at
vertices. Every edge is part of the boundary of a region and
the regions are simply connected. These maps are analogous
to biological cellular layers, where the regions represent the
cells and the edges their walls.

There are numerous variants of map L-systems. This
work uses the Binary Propagating Map OL-systems with
markers, or mBPMOL-systems, proposed by Nakamura
et al. (1986) in which cells divide into two during the cell
division process. The number of cells increases with each
stage of the process. It is a propagating cellular division
algorithm as there are no mechanisms for reducing the num-
ber of cells (such as a merge operation). The designation
OL system refers to context-free parallel rewriting systems
that do not allow for region interactions. More precisely,
context-free means that each element of the string is mod-
ified according only to the rewriting rules, and that the
modification does not depend on what symbols are next
to it in the string. Finally, markers are string elements that

specify juncture points along edges where cells can divide.
Markers will be defined more precisely shortly. Hereafter,
mBPMOL-systems are referred to as map L-systems.

4.1 Map L-systems

Mathematically, a map L-system consists of an alphabet �,
an axiom ω (the initial string), a finite set of rewriting rules
P , and any additional special symbols or constants (con-
stants are elements that are not affected by rewriting). The
alphabet is a finite, non-empty set �, whose elements are
called letters. Each rule is of the form A → α, where the
edge A ∈ � is called the predecessor, whereas the string
α, composed of symbols from � and special symbols, [, ],
+ and −, is called the successor. Pairs of matching brack-
ets [ and ] specify markers for possible cell-dividing walls.
Symbols outside of the square brackets specify the edge sub-
divisions; each subdivision has the same length. Inside the
brackets the first symbol is either + or −, and this sym-
bol defines whether the marker is placed to the left or to
the right of the predecessor edge, respectively. The second
symbol within brackets is always a letter. Letters can carry
an arrow over them to represent the local edge orientation
of the successor edges relative to the predecessor edge. A
rule is assigned for each letter in �. The letters A, B, . . .

are called non-terminal symbols, whereas X is called a ter-
minal symbol. The rule for X is omitted since it is always
the identity rule: X → X (i.e., edges labeled with X are
not subdivided). Two examples of rules and their effects on
edges are illustrated in Fig. 1.

4.2 Cellular division algorithm

The cellular division process is preceded by the deriva-
tion phase where, at first, the production rules are applied
to all edges in the map simultaneously, and second, all

Fig. 1 Examples of rewriting rules. Each of the two rules takes a sin-
gle letter A that corresponds to a single edge (the predecessor), and
produces a more complicated string (the successor) that corresponds
to a subdivided edge. The brackets around D in the successor indicate
that D labels a marker that points to the top side of the edge, and is a
point at which the cell this edge surrounds may divide
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the cell edges are scanned for matching markers. If in a
cell there exist two markers that carry the same letter and
are directed toward each other (i.e., both arrows point into
the cell), then they are matching markers. Depending on
the division criteria explained later, a cell division can be
formed by connecting these two markers. It is possible for
more than one pair of matching markers to be found in
a cell. If this happens, only one set of markers is con-
nected since mBPMOL-systems are binary (i.e., cells can
only divide into two). A typical heuristic is to select the
first pair of matching markers to define the division, and
the remaining markers are discarded. Once this set of opera-
tions is complete for all cells, a new map has been generated.
The process of rewriting the string and performing cellular
division to produce a new map is referred to as a develop-
ment stage. This derivation and cell division process is then
repeated as many times as required, or until all edges are
labeled with the terminal symbol X. The maximum num-
ber of allowed development stages is specified beforehand.
Figure 2 shows the first two development stages of the cel-
lular division process for a non-oriented ‘Cartesian’ map
L-systems defined by:

� = {A, B}
ω = ABAB

P = {A → B[−A][+A]B, B → A}
This map L-system is non-oriented because letters do not
have a specified direction (no arrows).

The initial map on the left has the edge labels defined by
the axiom ω = ABAB: starting with the label A at the bot-
tom and proceeding counterclockwise. The cellular division
proceeds by simultaneously rewriting all its edges: both hor-
izontal edges A are transformed according to the rule, p1:
A → B[−A][+A]B; and the vertical edges B are rewrit-
ten to edges A according to the rule, p2: B → A. We use
a global counterclockwise orientation to decide right and
left for this representation. Thus the lower edge A is first
subdivided into two equal segments corresponding to the
number of non-bracketed letter in the rule. The first segment
is labeled B. This is followed by two markers: a marker of
type A is placed to the right of the initial edge according to
the [−A] command, and a marker of type A placed to the left
according to the next command [+A]. The last letter in the

rule produces a segment labeled B. This rewriting procedure
is applied also to the top edge, resulting in the intermedi-
ate stage depicted in the second diagram in Fig. 2. Now that
all edges have been rewritten, we search for any matching
markers in the cell. The two matching markers of type A are
connected, and the resulting edge is labeled as A (the same
as the marker labels). The result of this first development
stage is illustrated in the third diagram in Fig. 2. In the sec-
ond development stage this same process is repeated on all
seven edges, and then matching markers are connected to
produce a new division and the output of the second devel-
opment stage. This is illustrated in the fourth diagram of
Fig. 2.

4.3 Map L-system extension to truss design

The method presented here uses non-oriented map L-
systems, and a significant marker reading modification. In
standard L-systems, markers are labeled with + or − sym-
bols to indicate whether a marker is placed to the right
or to the left of the predecessor edge. This restricts how
cellular divisions may be made, reducing the total number
of divisions that occur typically. A modification is made
here where a marker on an edge may be used for cell divi-
sion on either side of the edge (eliminating the need for
+/− symbols). This increases the overall number of divi-
sions. Figure 3 shows the first development stage of the
cellular division process in modified map L-systems defined
by:

� = {A, B, C, D}
ω = BCBDA

P =
{

A → B[D]C[B]D, B → B

C → C[B]D, D → A[D]C

5 Problem formulation and solution

The new methodology is demonstrated using three archety-
pal truss design example problems. Each truss member size
(cross-sectional area) is a continuous variable with lower
and upper bounds. A general problem formulation for the

Fig. 2 Example of map
L-system cellular division
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Fig. 3 Example of modified
map L-system cellular division B
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concurrent optimization of size, geometry, and topology can
be represented mathematically as:

min
n,c,a,q

f =
∑

0 ≤ i ≤ n

0 ≤ j ≤ n

ρci,j ai,j li,j

Subject to: σmin ≤ σi,j ≤ σmax (1)

dmin ≤ dk ≤ dmax

where n is the number of nodes (joints), ci.j ∈ {0, 1}
indicates whether nodes i and j are connected, qk =
[xk, yk, zk]T is the position vector for each node k =
1, 2, . . . , n, and ai,j is the cross-sectional area of the bar
that connects nodes i and j . The material density is ρ,
and several quantities are functions of design variables,
including the length of the bar that connects nodes i and j

(li,j = ‖qi − qj‖2), the axial stress of the member connect-
ing nodes i and j (σi,j ), and the displacement of each node
(dk, k ∈ {1, 2, . . . , n}) (computed here using the finite ele-
ment analysis force method). The minimum allowable stress
is σmin (σmin < 0, indicating compression), and the maxi-
mum allowable stress is σmax (σmax > 0, indicating tension).
Similarly, the minimum and maximum allowable node dis-
placements are dmin and dmax, respectively. The objective
of the design problem is to minimize overall structural
mass.

The above optimization problem is equivalent to finding
the optimal topology, geometry, and size of a truss given the
design space boundary, stress, and displacement constraints.
Please note that while this formulation implies simultaneous
solution of topology, geometry, and size, the problem was
solved here using the nested generative algorithm approach
introduced in the previous sections. The outer loop searches
for the best topology and geometry, while the inner loop
solves the size optimization problem in a way that satisfies
stress and displacement constraints. The generative algo-
rithm rule set was optimized using the MATLAB® genetic
algorithm (ga) function, so results are not completely deter-
ministic. The results reported are the best of ten solutions
for each design problem. The inner-loop was solved using a
custom SLP implementation based on the MATLAB® func-
tion linprog, which will be described in more detail
shortly.

6 Outer-loop solution

In the new methodology, the GA genotype is the rule-set,
and the phenotype is the truss topology and geometry. The
GA operates on the genotype, and the generative algorithm
maps genotype to phenotype. Design fitness (objective) and
constraint functions are evaluated based on the phenotype.
Indirect GA encodings such as this mimic evolution of
real biological systems more closely than conventional GA
implementations with directly encoded designs. This indi-
rect encoding can represent an exponentially larger design
space using a much smaller rule-set space. To clarify using a
biological analogy, an organism’s DNA is not the organism;
rather, it contains compactly encoded instructions for the
growth and development of an organism. A variety of bio-
logical mechanisms produce fantastic complexity based on
the information encoded in an organism’s DNA. To illustrate
this concept, consider the difference in complexity between
the human genome and the vast set of human gene products.
A set of less than 25,000 genes produces more than one mil-
lion gene products (such as proteins) through sophisticated
dynamic intermediate mechanisms that help map biological
genotypes to phenotypes. These mapping mechanisms are
analogous to the manner in which generative algorithms are
utilized in the proposed design methodology.

The mechanisms that map biological genotype to phe-
notype are pivotal to the success of biological evolution;
without them, the richness and diversity of life on Earth
would not be possible (Futuyma 1997). Similarly, without
a sophisticated mapping from genotype to phenotype for
engineering designs, artificial evolution is limited in the
complexity of designs that can be explored. Direct encoding
is in common use, but fundamentally limits the complex-
ity of designs that can be explored and optimized using
GAs. Directly-encoded GAs are often unable to converge
to meaningful results when applied to problems of signifi-
cant complexity (Cheney et al. 2013). Utilizing a mapping
between genotype and phenotype, however, results in an
evolutionary process that is closer to what is found in bio-
logical systems, and can help engineers realize the full
potential of GAs in designing large-scale systems.

Earlier researchers made tremendous strides in problem-
solving capability by mimicking elements of biological
evolution in GAs, but omitted sophisticated genotype to
phenotype mapping mechanisms, limiting the scale and
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complexity of problems that can be solved. The method-
ology proposed here derives inspiration from biology in
a more complete way, providing the potential for solving
problems with a new level of complexity (closer to that of
real biological systems).

6.1 Genomic encoding of cellular division rules

The GA used here acts upon the individual genes that
encode all the information required for generating the topol-
ogy and geometry represented by a cellular division process,
namely the map L-system axiom ω and the production rules
P . For the purposes of the GA used here, the genome is
encoded as a mixed vector of reals and integers, x, whose
real elements are in the interval [0, 1], and whose integer
elements are in the set {1, 2..., z}, where z is the number of
letters in the alphabet. Equation (2) exemplifies the structure
of x, where superscripts indicate the axiom or production
rule element to which the genome component corresponds.

x = [xω
1 , xω

2 , ..., xω
e , xp1 , xp1

2 , ..., xp1
m , xp2

1 , xp2
2 , ..., xp2

t ] (2)

The first e elements of x encode the axiom word. The
length of the axiom (e) is equal to the number of edges in the
initial map. As explained above, letters of the alphabets are
encoded as integers {1, 2.., z}, where z is the cardinality of
the alphabet �. A similar approach is followed for produc-
tion rule encoding, where each rule is encoded according to
a master rule of the form:

σi → xpi

1 xpi

2 ...xpi

m−1x
pi
m , (3)

where σi is the ith letter in �, and xpi

1 is a token that encodes
an independent entity of the production rule of an alphabet.

To incorporate all possibilities in a token, all tokens are
encoded as a vector of two real and two integer values that
are capable of representing any possible token. A token may
also represent a blank space. With the inclusion of the blank
space, the size of the production rules can vary; however,
the maximum length is dictated by the number of slots in
the rules, m, which is decided by the user and is the same
for all rules. Figure 4 shows the structure of a sample token
vector xpi

i .
The first element encodes whether or not the token is a

blank space. The remaining three codes are ignored if this
element encodes a blank space. The second element encodes

Fig. 4 Production rule vector composition

the edge alphabet {A,B,C, ...}. The third element encodes
whether or not the edge division is followed by a marker.
The fourth element encodes the marker alphabet. If there
is a marker, it is considered to be on both the sides of the
edge, i.e., it can be used for division of cells on either side
of the edge. The first and third elements—blank token and
read-marker—are encoded on an interval of [0, 1]. If the
value of the first element is less than or equal to a specified
threshold value tb (0.2 used here), the token is blank (oth-
erwise it is non-blank). Thus, blank tokens are less likely
than non-blank for randomly generated GA initial popula-
tions. A marker follows an edge alphabet if the third element
of this vector is less than or equal to a specified threshold
value tm (0.8 used here). The second and fourth elements—
edge-letter and marker-letter—are encoded as integers from
the set {1, 2..., z}, where z is the number of letters in the
alphabet.

The blank token and read-marker threshold values add
diversity to the cellular division rule set. In particular,
changing tb results in different numbers of effective tokens
for each production rule corresponding to different alpha-
bets. More precisely, edges with different labels are divided
into different numbers of sub-edges. Similarly, changing tm
produces different numbers of markers for each produc-
tion rule corresponding to different alphabets. Apart from
generating different types of production rules for differ-
ent alphabets, these parameters control the fineness of the
design search space. The expected total number of edge
divisions with markers, which create a location of possible
cell division that depends upon m, tb and tm, is m(1 − tb)tm.
Recall that cells are divided into at most two cells per devel-
opment stage regardless of how many matching markers are
found in a cell. Therefore, m, tb, and tm together control
search space fineness at each development stage. In gen-
eral, these algorithm parameters will need to be tuned for
each design problem. In this work the threshold values of
tb = 0.2 and tm = 0.8 were determined to be effective after
performing trial experiments.

After decoding, the genome can be seen as a partitioned
array of symbols where the first n letters compose the
axiom, followed by the production rules for each alphabet.
The number of tokens for each production rule may vary as
there is some possibility of a token being blank.

6.2 Algorithm complexity

With the above representation we can estimate the number
of bits required to represent a rule set P . In particular, if
|ω| is the number of edges in the initial map, |�| is the size
of the alphabet, and m is the number of tokens, then any
rule p ∈ P would would require O(log |�|(|ω| + m|�|))
bits for representation. While we have encoded blank token
and read marker thresholds as real numbers in the interval
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Fig. 5 Initial connected and stable truss map with markers obtained
after a single application of production rules. Node and marker labels
are shown; edge labels are omitted

[0, 1], they are effectively 1 bit of information each. Further,
for an effective search, the alphabet size should scale lin-
early with the number of tokens m. Therefore the number of
bits required to represent the rule p is O(log m(|ω| + m2)),
and is an important component of the optimization problem
dimension.

The topological space searched by using such a rule p

has O(0.8 × 0.8 × |ω|m) expected number of nodes, where
the blank token and read marker thresholds are 0.2 and 0.8,
respectively. The size of the topological space searched by
rule p does not depend upon |�|. In contrast, the number
of bits required to represent this topological space using a
ground structure approach would be O(|ω|2m2). It should
be noted that the cellular division algorithm does not search
explicitly for connectivity among all these nodes, but guar-
antees both connectivity and (as shown shortly) structural
stability. This results in a highly efficient design space

search when compared to ground structure methods that do
not automatically satisfy connectivity or stability require-
ments. The design representation dimension also scales in a
much more desirable manner than ground structure methods
in terms of the initial number of bars |ω|.

6.3 Algorithm implementation

The initial truss—defined by node positions q and con-
nections c—partitions the design domain into triangles or
tetrahedra. Consider a simple 2D truss problem with an
initial (connected and stable) map composed of triangu-
lar regions illustrated in Fig. 5. This map shows markers
that might be added after a single application of produc-
tion rules. Node labels are shown as well, but edge labels
are omitted for clarity. Based on the division algorithm
described above, triangles 1 and 3 will each be divided into
two cells, but triangle 2 will not. For a division to occur,
a pin joint in a triangular region must have a label that
matches the label of its opposite edge. In triangle 1, joint
A will connect with marker A. In triangle 3, the lower-level
joint B will connect with marker B. Nothing will connect in
triangle 2.

A matrix H contains information about the markers on
each of the triangular elements. At the beginning of the divi-
sion process this matrix is searched for matching markers
within individual triangular elements. When a pair match-
ing markers is found, a division is created by updating the
quantities q, c, and H. Production rules are then applied to
the new map, and the process is repeated. Refer to (Allison,
Truss Design Optimization Based on Generative Algorithms
(Allison 2013)) for supplementary code.

Fig. 6 Randomly generated
truss topologies based on
standard map L-system cellular
division. Note the significant
number of quadrilateral regions,
leading to structural instability
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6.4 Cellular division modifications for structural
stability and efficiency

The map developed by cellular division in map L-systems—
where edges correspond to truss bars and edge intersections
correspond to pin joints—may not result in a stable truss
design for an arbitrary axiom and set of production rules.
To illustrate this concept, consider the six randomly gen-
erated truss topologies shown in Fig. 6. While they all
are connected, most are not stable structures, i.e., they are
mechanisms. Please note the significant number of quadri-
laterals and higher-order polygons. Topologies with these
shapes often (but not always) have one or more mechanical
degrees of freedom (DOF), which corresponds to struc-
turally instability.

These topologies were generated using four development
stages on a set of four alphabets with six tokens and an
axiom of seven edges. Generation of a stable truss is in fact
rare when using the standard map L-system algorithm. Pre-
vious work in structural topology optimization generated
truss-like systems, but these were in fact frames that were
always stable regardless of topology as long as load and
support nodes were connected (Pedro and Kobayashi 2011).
The assurance of stability greatly simplified the frame
design problem. Extension to truss design motivates a mod-
ification to the cellular division algorithm that guarantees
generation of stable trusses.

Stability of an arbitrary truss design can be assessed
by checking the corresponding stiffness matrix for singu-
larity. This metric, however, cannot be incorporated into a
generative algorithm. One could check trusses after gen-
eration using their stiffness matrices and either ‘repair’
unstable trusses or penalize the fitness of unstable truss
topologies to guide the design exploration away from
them. Both approaches would be inefficient since a large

number of unstable structures would be generated and either
repaired or penalized. Considering that generation of a sta-
ble truss is a rare event (see Section 9.2 for quantitative evi-
dence of this), these strategies would expend costly design
exploration resources primarily on infeasible designs. In
addition, stability assessment for every design candidate
incurs additional computational expense. A more efficient
strategy would generate and assess only stable trusses. A
map L-system modification that achieves this is presented
below. The ability to satisfy design requirements implicitly
is an important benefit of using generative algorithm design
abstractions. This helps to focus design exploration efforts
in more productive regions of the design space.

The cellular division process is restricted such that a divi-
sion takes place only if it divides the cell into two triangles,
guaranteeing stability. Two matching markers are connected
only if one of them is at a vertex. Figure 7 depicts a set of
randomly generated stable truss topologies using the modi-
fied algorithm and the same algorithm parameter values as
before.

An additional observation was made that led to another
useful algorithm modification. Often divisions resulted in
a bar that intersected the middle of another bar (e.g., the
downward-sloping bar just below the top bar in Fig. 8 con-
nects to the middle of another bar at the circled interface).
Bar intersections for trusses are assumed to be pin joints.
The newly added bar cannot exert much force at the new pin
joint because the other two bars are 180◦ apart, and cannot
contribute significantly to load redistribution and structural
efficiency. However, since the intersected bar is not at the
design domain boundary, we can divide the adjacent cell
by connecting the marker with the opposite vertex (as in
Fig. 9). Mass can be reduced significantly for this efficient
configuration via inner-loop size optimization compared
to the design in Fig. 8. Considering the the optimization

Fig. 7 Randomly generated
stable truss topologies based on
modified map L-system
algorithm. Divisions are made
only if triangular cells are
formed from a parent cell. While
these topologies are stable, some
are structurally inefficient
because of joints formed in the
middle of edges. The second
modification (illustrated in Figs.
8 and 9) addresses this
shortcoming
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Fig. 8 Example truss design: adjoining cell not divided. Load is
not redistributed effectively, resulting in inefficient use of mass. The
minimum mass for this topology is 7099 lbm

formulation presented in Problem (1) and the parameters
given in Table 1, the optimal mass for the design in Fig. 8
is 7099 lbm. (based on loading/boundary conditions in Fig.
12), and the optimal mass for the design in Fig. 9 it is 5476
lbm. Solid and dashed lines represent bars under tension and
compression, respectively. Line thickness is proportional to
cross-section area.

6.5 Map L-system extension to space truss design

The ability to scale generative design strategies to more
complex problems is demonstrated here using a space
truss example (three-dimensional truss), which involves
design challenges not present in the planar example. High-
dimension designs can be represented using low-dimension
rule parameter vectors.

The rule for planar trusses that permits only triangular
divisions can be extended to space trusses by only per-
mitting divisions that produce tetrahedral structures (e.g.,
Bush et al, 1978). A truss that is composed of tetrahedra
is guaranteed to be stable. The initial map is a composi-
tion of tetrahedra, and divisions are made by connecting an
interior point of a tetrahedron edge with its two opposite
vertices. This type of division occurs if a marker at one of
its edges matches markers on opposite vertices. In addition,

Table 1 Problem data for ten-bar truss design example

Parameter Value

L (design domain height) 360 in

P (load magnitude) 100 kips

Stress limits ±25 ksi

Maximum displacement ±2.0 in

Modulus of Elasticity 104 ksi

Material density 0.1 lbm/in3

Section areas lower limit 0.1 in2

Section areas upper limit 35 in2

Number of loading conditions Single loading

Fig. 9 Example truss design: forced division of adjoining cell. Load
is redistributed more effectively, resulting in much lower mass require-
ments for this topology. The minimum mass for this topology is 5476
lbm

design exploration is guided toward trusses with better load
distribution by mirroring divisions in the adjoining tetrahe-
dra (similar to what is done in the 2D case). More precisely,
if the edge being divided is not on the external boundary
of the truss, the adjoining tetrahedra are also divided at
the same marker location with their opposite vertices being
connected to that marker location. Figure 10 illustrates the
division of a tetrahedron by joining an internal point of
one of its edges with the opposite vertices (the mirroring
operation is not illustrated).

7 Inner-loop solution

The inner-loop problem is solved using sequential linear
programming (SLP), a recursive procedure that involves the
formulation and solution of a series of subproblems that
are linear approximations of the original nonlinear problem.
Each intermediate solution is the starting point for the sub-
sequent subproblem. The inverse of cross-sectional areas
is used as the size optimization variable; this introduces a
nonlinearity into the objective function, but reduces the non-
linearity of the constraint equations. Cross-sectional area
values are bounded above and below. It was observed as well
that the initial cross-sectional area values had little influence
on inner-loop solution for the design problems solved in this
paper. SLP converged reliably to the same solution for a
variety of starting points within design variable bounds.

Initial Tetrahedron Divided Tetrahedron

Fig. 10 Tetrahedron sub-division
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During initial investigations a basic SLP strategy was
used without move limits, and it was interesting to observe
that the problem converged when only stress constraints
and variable bounds were included. SLP often did not
converge when both stress and displacement constraints
were included. Introducing move limits solved these con-
vergence difficulties. In SLP, the linear approximation
of the nonlinear size optimization problem is only accu-
rate close to the linearization point. Move limits reduce
potential error, improving convergence properties. A sim-
ple move limit strategy was used where the search domain
is limited to the intersection between the linearized con-
straint domain and a parallelepiped around the linearization
point.

Large move limits may result in oscillations during
numerical problem solution, while excessively small move
limits will yield slow convergence, and may cause the
algorithm to accumulate to a local optimum. Wujek and
Renaud (1998) argued that a proper move limit choice
should ensure that the objective function is always decreas-
ing, that the intermediate solutions are always feasible, and
that the optimization variable movement is controlled to
maintain approximation error at a reasonable level. The
Lamberti and Pappalettere (2000) partial modification of
Chen’s Chen (1993) Constraint Gradient-Based Move Limit
(CGML) algorithm is used here; scaled move limits are
equal for all optimization variables. Lamberti recalculated
the move limits until the intermediate solution improved
meaningfully, and then limits are reduced with a user-
supplied factor. The maximum number of SLP iterations
used here is 50. Each linear sub-problem is solved using the
MATLAB® linprog function utilizing the interior point
method (ensuring each subproblem solution is feasible).

8 Truss design algorithms

In this section two new algorithms are presented for truss
design optimization. In the first algorithm, several design
issues that are unique to structural trusses are addressed, and
the generative algorithm is executed completely for each
individual in a GA population. In the second algorithm,
a sequence of GA problems are solved where each prob-
lem involves the addition of just one set of bar members to
the truss using a single generative algorithm development
stage.

8.1 Algorithm 1: One-step generative algorithm

The first truss design algorithm is summarized in the form
of pseudocode in Algorithm 1. An initial truss topology

and geometry description, which is denoted by the vari-
able TS0, is the algorithm input. The algorithm output
the best known topology and geometry TS∗, and the opti-
mal member cross section areas A∗. The objective function
f (·) calculates truss mass given topology, geometry, and
size specifications. The genetic algorithm outputs the opti-
mal rule set P which when applied for k developments
on the initial topology and geometry will produce truss
topology and shape, TSk0(P), that yields the minimal mass
design. The inner-loop (SLP) solution provides the GA fit-
ness value for each truss topology and geometry in a GA
population.

Initial studies utilizing Algorithm 1 revealed that com-
pleting all development stages for each individual in a
GA population lead to many designs that were self-similar.
Generation of self-similar maps is a characteristic of map L-
systems. Since the same set of rules are applied iteratively
on all the cells resulting from the cellular division of the map
at previous stages, the successive cells are divided in the
same manner and the pattern repeats itself across the various
cells of the map. However, the extent of similarity depends
on the number of labels in the alphabet. If, for example, the
number of labels in the alphabet is m, then at any devel-
opment stage all the edges of the map are labeled in one
of the m possible ways. Further, they are divided accord-
ing to the fixed production rule as per their label. All the
edges that are labeled with one particular label are divided
in the similar manner that leads to division of the cells in
the similar pattern. Likewise, the subsequent development
stages cause further division of the cells in a manner that
produces similar patterns. Figure 7 shows six stable truss
designs generated by applying a random rule set for four
development stages. Self-similarity is evident here, whereas
greater pattern diversity is produced when using Algorithm
2 (introduced in the next subsection). Algorithm 2 results
are illustrated in Section 9.

Self-similarity limits design space exploration, and
designs with little self-similarity cannot be accessed via
Algorithm 1. Algorithm 2 addresses these limitations by
utilizing only one development stage when mapping geno-
types to phenotypes for individuals in the GA popula-
tion. The GA seeks the best way to make a single set
of divisions to reduce mass. This process was repeated
to make additional divisions, requiring the solution of a
sequence of GA problems. The advantage of Algorithm 2
is that different rules may be applied at each development
stage, allowing the algorithm to access both self-similar
and non self-similar designs. Algorithm 2, described in
detail in the next subsection, performed much better in
practice and resulted in more comprehensive design space
exploration.
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8.2 Algorithm 2: multi-step generative algorithm

Algorithm 2 is a sequential approach where a different set
of rule parameters determined by a GA are used for each
development stage. Each phase of this sequence involves
the solution of a GA that aims to find the rules that, when
applied for a single development stage, produce a division
that minimizes mass. At each phase the GA uses the best
design from the previous phase as the starting map. This
process is repeated until additional divisions fail to reduce
mass. Algorithm 2 identifies a sequence of rule parame-
ter values that, when applied in turn for each successive
development stage, produce a truss topology and geometry
that leads to minimal mass when the inner-loop problem is
solved. Because rule sets can differ between development
stages, designs can be accessed with lower self-similarity.

This algorithm utilizes a heuristic strategy for reducing
truss mass—i.e., each truss member is added to redistribute
the load such that it reduces the overall structural mass
required for support—to frame an entirely novel method of
truss development. Moreover, this is a completely new way
of utilizing generative algorithms for engineering design.
The computational cost of Algorithm 2 is significantly
higher than for Algorithm 1 because Algorithm 2 attempts
to find a sequence of optimal rule sets P�, whereas Algo-
rithm 1 needs to find only one optimal rule set P . Algorithm
2, however, searches the design space more comprehen-
sively and consistently produces better results. Figure 11
illustrates this methodology graphically.

Fig. 11 The proposed sequential GA methodology (Algorithm 2)

The pseudocode presented in Algorithm 2 summarizes
this procedure precisely. As with Algorithm 1, the input is
the initial topology and geometry TS0, and the output is
the optimal topology and geometry TS∗ and optimal size
values A∗. In Algorithm 1, a single GA was solved and a
single optimal rule set P was identified which when applied
on initial truss design TS0 for k development steps yields
the optimal truss topology and geometry TS∗. Algorithm
2, however, develops topology and geometry in successive
GA solutions and finds a sequence of rule sets P∗

� that each
develop the truss design only partially (i.e., the cellular divi-
sion algorithm is executed for just one development stage
to generate the next intermediate truss design). In particu-
lar, each iteration of the GA finds an optimal P∗

� that when
applied on input TS�−1 gives the optimal TS1

�−1(P∗
� ), which

becomes the initial truss design for the next step, TS�. The
superscript 1 on TS denotes that the cellular division rule
set is applied for just one development stage. The step-
wise addition of new bar members is performed until the
minimum mass design from successive GA solutions stops
decreasing (i.e., (f (TS�+1,A�+1) ≥ f (TS�,A�))). Adding
members at strategic locations at each step reduces mass
initially due to load redistribution, but because of lower
size limits on members the mass will at some point begin
to increase. In Algorithm 1 k is chosen a priori, and the
best value for k would need to be determined parametri-
cally. Algorithm 2 handles the halting problem, discussed
by Devert et al. (2011), by terminating the algorithm when a
development stage produces a heavier truss. It is noted that
further iterations beyond an initial observed mass increase
may redistribute load in such a way that would reduce mass,
but this occurrence was not observed from experimental
results.

Fig. 12 Topology, geometry, and loading of the standard ten-bar truss
design problem
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9 Results and discussion

Algorithm 2 is evaluated using three test problems, includ-
ing two 2D truss design problems and one 3D space truss

design problem. A comparison is also made to more con-
ventional ground structure methods. These test problems
illustrate the potential design improvement possible via
generative algorithm design strategies.

9.1 Ten-bar truss

The first example used here is based on a ten-bar truss
design problem from the structural optimization literature,
illustrated in Fig. 12. Previous treatments of this problem
dealt primarily with size optimization for a fixed topology
(see, for example, Venkayya 1971; Gellatly and Berke 1971;
Schmit and Farshi 1974; Schmit 1976; Dobbs and Nelson
1976; Rizzi 1976; Khan et al 1979; John et al 1987; Sunar
and Belegundu 1991; Sunar and Belegundu 1995; Xu and
Grandhi 1998; Lamberti and Pappalettere 2000, 2003; Lee
and Geem 2004). While the term ‘ten-bar’ is used here to
refer to this example problem, the reference is historical and
is not meant to imply that solutions will be composed of
exactly ten bars. The problem used here involves combined
size, geometry and topology optimization, but the design
parameters (design boundary, load, material) are based on
the classical ten-bar truss design problem.

Table 1 summarizes the problem data. The initial stable
truss design (map) is shown in Fig. 13; this includes bars
on the edge of the design domain, as well as a minimum
number of additional bars required to provide structural sta-
bility using a composition of triangular cells. Figures 14, 15,
16, 17, 18, and 19 show the truss designs after each stage
of development using Algorithm 2 where the GA is solved
completely using one development stage at a time.

Fig. 13 Ten-bar truss: initial design 0

Going beyond six development stages does not
reduce system mass, indicating that adding more truss
members—at least when using the patterns accessible via
this generative algorithm—does not help redistribute load
in a way that permits mass reduction. The optimal mass
and number of bar members for each truss development
stage is shown in Table 2. As new truss members are added
strategically using Algorithm 2, substantial load redistribu-
tion and mass reduction occur. After the first development
stage, the truss design has 12 truss bar members (the same
number if all the meaningful members are connected in the
classical ten-bar truss design problem). Based on the ref-
erences cited above, the minimal mass achieved previously
for this design problem is 5050 lbm. The minimal mass
obtained via Algorithm 2 for a design with 12 bar members
is 5484 lbm, significantly more than 5050 lbm. However,
this algorithm gives a systematic methodology to gener-
ate a truss design with large number of bars where each
subsequent stage of truss development reduces its minimal
mass. It is expected that the value of this new methodology
lies primarily in the exploration of high-dimension system
designs. Allowing the number of bars to increase to 119
(after six development stages) results in a truss mass of 4241
lbm. Due to the non-deterministic nature of the GA, prob-
lem solution is repeated multiple times here. Statistics on
the resulting mass from repeated solutions are presented in
Table 3.

Fig. 14 Ten-bar truss: development 1
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Fig. 15 Ten-bar truss: development 2

Fig. 16 Ten-bar truss: development 3

Fig. 17 Ten-bar truss: development 4

Fig. 18 Ten-bar truss: development 5

Fig. 19 Ten-bar truss: development 6

Table 2 Ten-bar truss: optimal mass and number of bars

Development Stage Number of Bars Optimal Mass

(lbm.)

0 7 7097

1 12 5484

2 20 5147

3 29 5134

4 47 4913

5 77 4642

6 119 4241

Table 3 Ten-bar truss design statistics based on ten repeated solutions
and six development stages

Optimum Mass (lbm.)

Minimum 4241

Maximum 5381

Mean 4671

Standard Deviation 325

Fig. 20 Ten-bar ground structure result

Fig. 21 81 Bar ground structure result

Table 4 Ground structure design space coverage analysis

Ground Fully Connected Optimal Mass Stable

Structure Mass (lbm.) (lbm.) Designs

10 5076 4898 19

40 5173 4982 2036

81 5442 5147 50
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Fig. 22 Topology and Geometry of Extended Ten-bar Truss

9.2 Ten-bar truss: Ground structure approach

A simple GA ground structure approach was applied to the
ten-bar truss problem for combined topology and size opti-
mization. This enables generative algorithm results com-
parison with a more conventional design strategy. In the
first test the truss in Fig. 12 was used as the ground struc-
ture. A direct GA was implemented where the existence of
the 10 potential truss members was represented as a binary
digit. Each candidate topology was screened for stability
by several checks as described by Kaveh and Laknejadi
(2013), including connectivity between all boundary and
force bearing nodes, and a check based on the Gruebler-
Kutzbach equation for mechanical degrees of freedom. If
both tests were passed the stiffness matrix was assembled

Fig. 23 Extended Ten-bar Truss Initial Design-0

Fig. 24 Extended Ten-bar Truss Development-1

and checked for positive definiteness. If all stability tests are
passed, the SLP inner-loop problem is solved to determine
optimal member sizes. The resulting truss design (Fig. 20)
has a mass of 4898 lbm.

This solution was produced consistently when the GA
was run for 10 generations with a population size of 1000.
Of the 11,000 candidate designs, only 19 were stable and
passed on to the inner loop SLP. A more sophisticated 81
bar ground structure with identical loading and boundary
conditions was also tested. The best solution after exten-
sive numerical experiments—still limited to 11,000 design
candidates—is presented in Fig. 21. Using the same GA
parameters, only 50 candidate truss designs were found to
be stable. While the screening procedure is efficient, design
exploration is very ineffective as only a tiny portion of the
candidate designs are valid. The direct GA ground structure

Fig. 25 Extended Ten-bar Truss Development-2
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Fig. 26 Extended Ten-bar Truss Development-3

approach biases the design search toward disconnected and
unstable designs. The generative algorithm approach, how-
ever, guarantees that all design candidates are structurally
valid; this results in a much more efficient and compre-
hensive exploration of the design space since all efforts are
devoted to valid designs.

Kaveh and Laknejadi (2013) solved a similar truss prob-
lem using a ground structure method, and converged on bet-
ter designs using a memetic evolutionary strategy tailored
for solving this problem, including an adjacency matrix
based genotype. This result required 35,000 function evalu-
ations. It is important to note that, to the authors knowledge,
the combined truss topology, geometry, and continuous size
optimization problem that is solved by Algorithms 1 and 2
has not been solved previously. Previous efforts have solved
incomplete versions of this problem (e.g., size and topology

Fig. 27 Extended Ten-bar Truss Development-4

Table 5 Extended ten-bar truss design problem: optimal mass and
number of bars

Development Stage Number of Bars Optimal Mass

(lbm.)

0 7 6832

1 10 3039

2 18 2786

3 30 2645

4 41 2588

only), or have solved the combined problem with only dis-
crete member thicknesses (Rajan 1995; Balling et al. 2006;
Rahami et al. 2008; Kaveh and Laknejadi 2013).

While the approach for managing unstable truss designs
is fairly consistent in the literature, there is no discussion of
how comprehensively different design methods explore the
design space. One simple approach for assessing the bias
of ground structure methods toward unstable designs is to
compare the number of stable designs accessed during the
optimization process to the total number of designs. Table 4
makes this comparison for three different ground structures.
In each case 11,000 candidate designs were tested; as few
as 0.17 % were stable.

The maximum number of truss members for each ground
structure is indicated in column 1. For the fully popu-
lated ground structure (i.e., all possible truss members
present), the inner loop problem was solved, and the min-
imum mass is presented in column 2. The minimum mass
corresponding to the best topology found using the direct
GA solution approach for each of the ground structures is
presented in column 3. During the course of each GA solu-
tion the number of stable designs was recorded (column 4)
Table 4.

Though ground structure methods can converge on good
solutions for relatively small structures, direct design repre-
sentations that do not exclude invalid designs cannot scale
up to more complex problems. In addition to the genera-
tive algorithms presented here that always produce stable
truss designs, Wang and Ohmori (2010) presented another
method where trusses are composed of triangles, so are also
guaranteed to be stable.

Table 6 Extended Ten-bar Truss Results Analysis

Optimum Mass (lbm.)

Minimum 2588

Maximum 3039

Mean 2757

Standard Deviation 171
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Fig. 28 Topology and
Geometry of Twenty-five-bar
Truss
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9.3 Extended ten-bar truss

An extended design boundary for the standard ten-bar truss
problem is considered as shown in Fig. 22. The motivation
for considering this problem is to compare the results with
the literature where topology and geometry optimization is
also performed along with size. The ten-bar truss design
problem with topology, geometry, and size optimization was
studied previously by Rahami et al. (2008), Rajan (1995),
and Tang et al. (2005). In these studies, truss topology was
managed using a ground structure approach. The strategy
introduced here, however, does not require a ground struc-
ture (just a design boundary). To provide a fair comparison,
the design boundary is expanded such that it encompasses
the optimized topology and geometry reported in the previ-
ous studies cited above. The design domain here is a square
with sides equal to the width of the standard ten-bar design
domain used above (width = 2L = 720 in.), and the same
problem data is used (see Table 1).

Figure 23 shows the initial stable truss design (map).
Optimization begins with this design and proceeds using

Table 7 Problem data for twenty-five-bar truss example

Parameter Value

Stress limits ±40 ksi

Maximum displacement ±0.35 in

Modulus of Elasticity 104 ksi

Material density 0.1 lbm/in3

Section areas lower limit 0.1 in2

Section areas upper limit 10 in2

Number of loading conditions Two Cases

Algorithm 2. Figures 24, 25, 26, and 27 show the truss
designs after each stage of development. Additional devel-
opment stages do not result in further mass reduction.
Table 5 illustrates the optimal mass and number of truss
members for each development stage. The minimal mass
obtained at the end of the last development stage is sig-
nificantly lower than the results reported in the literature
cited above, although it has many more truss members.
The minimum mass reported in the literature is greater
2700 lbm. for a design domain with approximately the
same geometric size. The statistics quantifying the variation
between repeated solutions via Algorithm 2 are summarized
in Table 6.

9.4 Twenty-five-bar Space Truss

A space truss design problem is presented here to demon-
strate the extension of the generative algorithm truss
design methodology to three-dimensional problems. The
twenty-five bar transmission tower space truss design prob-
lem, illustrated in Fig. 28, has been studied extensively
(Venkayya 1971; Gellatly and Berke 1971; Schmit and

Table 8 Loading conditions, in kips, for twenty-five-bar truss

Node Condition 1 Condition 2

PX PY PZ PX PY PZ

1 0.0 20.0 -5.0 1.0 10.0 -5.0

2 0.0 -20.0 -5.0 0.0 10.0 -5.0

3 0.0 0.0 0.0 0.5 0.0 0.0

6 0.0 0.0 0.0 0.5 0.0 0.0
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Fig. 29 Twenty-five-bar Truss Initial Design-0

Farshi 1974; Schmit 1976; Rizzi 1976; Khan et al 1979;
John et al. 1987; Stander et al. 1995; Xu and Grandhi
1998; Lamberti and Pappalettere 2000, 2003; Lee and Geem
2004), but has been limited to size optimization for a fixed
twenty-five bar topology. The problem studied here includes
also topology and geometry optimization, based on the same
design domain boundary and problem data (see Table 7).
This problem involves two loading conditions that are spec-
ified in Table 8. These loading cases are identical to the ones
used in the references cited above.

Figure 29 illustrates the initial truss design (map); this
initial design includes the minimum number of bars required
to produce a stable truss using a composition of tetrahe-
dra. The space between the nodes 3–10 (node numbering
based on Fig. 28) has been divided into five non-intersecting
tetrahedra. Nodes 1 and 2 have been joined with nodes 3–6
(equivalent to creating to four tetrahedra). These four tetra-
hedra are created to maintain symmetry of the structure and
to cover the same space as covered by the standard design.
In total, the initial design has 26 bars that form 9 tetrahedra.

Fig. 30 Twenty-five-bar Truss Development-1

Fig. 31 Twenty-five-bar Truss Development-2

Figures 30 and 31 show the truss designs after each
stage of development using Algorithm 2. Going beyond
two development stages does not reduce truss mass fur-
ther. The optimal mass and number of bar members for
each truss development stage is listed in Table 9. The mini-
mal mass obtained at the end of the last development stage
is marginally lower than the results reported in the litera-
ture cited above, although it has many more bar members.
The minimum mass reported in the above-cited literature is
greater than 540 lbm.

As explained in the previous sections, Algorithm 2
exploits the ability to add new bars at each stage in a
way that produces substantial load redistribution. Contin-
uing with a new stage of the algorithm is beneficial only
if the load redistribution from adding bars enables enough
mass reduction to offset the addition of new bars (new bars
have a lower bound on cross section areas, so adding new
bars does have a mass penalty). This is unlikely to occur
with the initial map unless the number of members in the
initial truss design is relatively high. It was discovered that
increasing load in the space truss design problem resulted in
a larger number of development stages and more noticeable
mass reductions as the algorithm proceeded. The generative
algorithm approach to truss design appears to be particularly
beneficial in cases where loading conditions demand more
complex topologies.

Table 9 Twenty-five-bar truss: optimal mass and No. of bars

Development Stage Number of Bars Optimal Mass

(lbm.)

0 26 631

1 41 573

2 63 524
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10 Conclusion

A new generative algorithm strategy is presented that
accounts for several unique design requirements specific to
structural truss design, namely stability and load redistribu-
tion. The generative algorithm serves as a design abstraction
that supports the efficient topological design of compli-
cated structures. Instead of operating on physical design
variables directly, designers can adjust generative algorithm
rules governing design generation. A small set of fixed-
dimension parameters can therefore control the design of
complex, variable-dimension structures. The new generative
algorithm automatically produces stable trusses, contribut-
ing to efficient design space exploration. An inner loop is
used to solve the size optimization problem so that a fair
comparison can be made between candidate topologies. The
generative algorithm is used as a sophisticated mapping
between genetic algorithm (GA) genotype and phenotype,
resulting in a process that more closely mimics the morpho-
genetic process present in the evolution of real biological
systems when compared to directly-encoded GAs. Two new
algorithms were introduced. Algorithm 1 involves a single
GA solution, and a generative algorithm that is executed
for multiple development stages to produce a topology and
geometry for each individual in a GA population. Algorithm
2 involves a series of GA solutions where only one develop-
ment stage is used for each individual in the population, and
the best design from the previous stage is used as the initial
map for the next stage. This methodology was introduced
first for planar trusses, and then an extension to space trusses
was presented. Algorithm 2 was demonstrated using three
case studies, and the resulting designs exhibited significant
mass reduction.

Opportunities for future work include studies of GA
convergence with Algorithm 2, as well as an investigation
of how well the proposed generative algorithms cover (or
access) different portions of the truss topology and geome-
try design space. Reducing design representation dimension
through generative algorithm mapping likely limits access
to portions of the design space, resulting in a potential for
bias toward certain types of designs (e.g., Algorithm 1 is
biased toward self-similar topologies). Future work should
include quantification of design space coverage, and inves-
tigation of bias and coverage for a variety of generative
algorithms and design problems. For algorithms that depend
on the definition of an initial truss topology, the influence of
changes in initial topology on design space coverage should
also be studied.

The approach used here couples truss topology and
geometry; using a generative algorithm instead for topol-
ogy only decouples topology and geometry design and
may allow for more effective design space exploration.
Investigation of this alternative strategy is a subject of

ongoing work. In summary, utilizing generative algorithms
as a design abstraction is a promising strategy for optimiz-
ing increasingly complex engineering systems, particularly
when unique design considerations (such as structural sta-
bility or load redistribution) can be embedded into the
generative algorithm.
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