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ABSTRACT

Wind energy is a rapidly expanding source of renewable en-
ergy, but is highly intermittent. The performance of a wind farm,
composed of a collection of wind turbines, depends not only on
the placement of wind turbines in a farm, but also control actions
taken by individual turbines. The wind turbine placement (lay-
out) design problem involves adjusting turbine locations within a
given area to improve a performance objective (such as maximiz-
ing annualized energy production). This layout problem has been
addressed previously considering the effect of constraints such
land configuration, installed capacity, and wake model choice
on the performance of wind farms. All the studies, however, ig-
nore the effects of the control system, which can have significant
impact on performance. A well designed wind farm—without an
optimal controller—will not achieve the full system level optimal
performance, and vice-versa. In this article, we propose a novel
layout co-design approach that includes optimal control consid-
erations to exploit this synergy between farm layout and control.
Layout case studies involving 8 and 12 turbines are presented.
An annual energy production improvement of up to 17% is ob-
served when accounting for coupling between control and layout
design, when compared to layout-only optimization.

∗Address all correspondence to this author

1 Introduction
The wind farm layout design problem involves turbine

placement in a given area to improve a performance objective
(such as annualized energy maximization or minimizing total
cost of energy). Designers typically have to make multiple deci-
sions during the wind farm design, including but not limited to:
turbine type and number, available land area, noise constraints,
transportation constraints, and maintenance considerations. For
the layout design problem in this and other studies, however, it
is assumed that all the above decisions regarding the wind farm
have been made, and primary focus of the work is on optimal
placement of the wind turbines in a pre-determined area.

Many aspects of wind farm layout design problem have been
studied extensively in the design research community. Exam-
ples include investigating the effects of wind farm output to wind
conditions, land configuration, and installed capacity for differ-
ent wake models [1], usage of the Jensen wake decay model to
represent multi-turbine wake effects [2], turbines with different
rotor diameters [3], with varying wind conditions [4, 5], and in-
clusion of landowner preference modeling [6]. Most of these
studies include simplified static wake models, unlike the modi-
fied wake model described in this work. A few studies also ad-
dress this problem with a more sophisticated CFD-based wake
model such as SOWFA [7, 8]. Advances have also been made
in applying optimization to the layout problem, including mixed
integer optimization [9, 10], multi-scenario decomposition with
complementarity constraints [11], pattern search algorithms [12],
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and genetic algorithms [13, 14] for wind farm layout design.
The above studies do not account for control system design.

As with any system involving actively controlled physical ele-
ments, performance depends on both physical and control de-
sign. One United States Department of Energy (DOE) report [15]
states that the under-performance rate of wind farms is currently
as high as 20% in some cases. This presents a significant oppor-
tunity for wind farm performance and cost improvement. Two
of the reasons for current wind farm under-performance given
in the DOE report include: 1) Turbine-level control implementa-
tion (simplistic individual turbine control ignoring complex aero-
dynamic interactions and potential information sharing), and 2)
Post-design control implementation: control systems are devel-
oped after physical design is set, eliminating the possibility of
leveraging synergy between physical and control system design.

A clear need to account for intra-farm interactions in sys-
tem design exists. We address this via an integrated approach
to the farm-level optimal design and control problem. This in-
volves simultaneous turbine placement and cooperative control
optimization, ensuring system-level optimality. All agents (tur-
bines) cooperatively act towards achieving optimal farm behav-
ior, rather than optimizing individual turbine performance. Con-
trol decisions account for complex inter-turbine aerodynamic in-
teractions. Although wind farm level aerodynamic wake inter-
action models exist, our novel contribution is the solution of the
integrated farm-level system design problem, accounting for syn-
ergy between turbine placement and control to realize the best
possible system performance. This involved the creation of a
new type of wake interaction model appropriate for integrated
physical and control system design (co-design). To the authors’
best knowledge, formulation and solution of the layout design
problem with a comprehensive treatment of control system opti-
mization is a novel contribution.

The article is structured as follows. In Section 2 we intro-
duce performance metrics. In Section 3 we present wind turbine
dynamic and aerodynamic wake interaction models, and then in-
troduce the layout co-design approach in Section 4. We then
present the case study in Section 5, and conclude the article and
identify future work in Section 6.

2 Performance Metrics
Wind farm performance metrics are presented here, which

are then used in the new layout co-design strategy. Results are
compared to baseline layout design strategy that does not account
for control system design.

2.1 Annualized Energy Production
Annualized energy is the expected annual energy produced

by a turbine at a given site experiencing stochastic and omni-
directional wind speeds. To compute the expected annualized
energy production from a wind farm, we have to account for
the probability distribution of wind speeds in multiple directions.

The wind rose diagram shown in Fig. 1 is a simplified visualiza-
tion of one such distribution.
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FIGURE 1: Sample wind rose diagram. Colors represent wind
speed magnitude; sector thickness represents frequency.

Let vci and vco be the cut-in1 and cut-out2 wind speeds, re-
spectively. Let p(vid) be the probability of wind magnitude from
direction d. The AEP (in Wh) of a turbine i, at location (Xi,Yi)
is:

8760
m∑

d=1

pd

∫ vco

vci

Pi(vid,Xi,Yi)p(vid)dv, (1)

where Pi (vid,Xi,Yi) is the power output of the wind turbine for
wind speed vid. The number of hours per year is 8760, and m
is the number of discrete wind speed directions considered. The
AEP for a farm consisting of n turbines is:

faep = 8760
n∑

i=1

m∑
d=1

pd

∫ vco

vci

Pi(vid,Xi,Yi)p(vid)dv. (2)

AEP, as defined in Eqn. (2), is very comprehensive as it consid-
ers different speed distributions and directions simultaneously,
providing a realistic performance metric.

2.2 Regulation Score
Regulation score corresponds to the performance of a gen-

eration system (such as a wind farm) in providing frequency
regulation services. Independent system operators (ISOs)3 use
frequency regulation services to balance electricity supply and
demand, helping to maintain reliable and stable power delivery.
ISOs deploy a variety of resources to meet frequency regulation
needs; these resources differ in both their ramping ability—the
ability to increase or decrease frequency regulation service—and

1Cut-in speed: wind speed below which turbine operation is not economical.
2Cut-out speed: maximum operating wind speed without high damage risk.
3ISOs manage electricity transmission and distribution in the power grid.
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the accuracy with which they can respond to the system operator
dispatch signal. Energy providers are compensated economically
for providing frequency regulation services [16]. Unlike annual-
ized energy production, the goal in frequency regulation is to
track the reference power signal.

The PJM interconnection, a United States ISO, defines the
aggregated running performance score as a weighted sum of
three different scores: precision score (S p), delay score (S d), and
correlation score (S c). The precision score is:

S p = 1−
1
n

n∑
k=1

|ε(k)|, where ε(k) =

∣∣∣∣∣∣∣ r(k)− s(k)
1
n
∑n

k=1 s(k)

∣∣∣∣∣∣∣ , (3)

and n is the number of signal samples, s(·) is the PJM regulation
signal, and r(·) is the response of participating resource. The reg-
ulation signal consists of two component signals: regA and regD.
The regD and regA signals correspond to high and low frequency
regulation, respectively. A participating generation resource is
certified to provide regulation for only one of these component
signals. The correlation S c and delay S d scores are:

S c(i) =
s(k : k + n)T r(k + i : k + n + i)

s(k : k + n)T s(k : k + n)
, S d(i) =

∣∣∣∣∣n− i
n

∣∣∣∣∣ (4)

where i is the signal vector index. The overall performance score
to be maximized is:

S o = max
i=1:n
{wdS d(i) + wcS c(i)}+ wpS p (5)

where wd = wc = wp = 1
3 are score weights. S p quantifies reg-

ulation service accuracy, whereas S c and S d quantify regulation
service agility. The regulation objective function for a finite hori-
zon [0, t f ] is:

freg =

m∑
d=1

pd

(∫ t f

0
S o (rd(t), s(t),X,Y)2 dt

)
, (6)

where rd(t) is the power output of wind farm for the wind speeds
in direction d, and X = [X1,X2, . . . ,Xn] and Y = [Y1,Y2, . . . ,Yn]
are turbine location coordinates.

3 System Modeling
Wind turbines are large dynamic systems often operating

in a farm setting. Turbine rotation creates significant wake, af-
fecting downstream turbine performance. Turbine location and
control actions (blade pitch and yaw angles, generator torque)
dictate the propagation, expansion, and deflection of wakes, and
hence overall farm performance. In this section we describe the
wind turbine model used for model-based control, and the aero-
dynamic wake interaction model.
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FIGURE 2: Power coefficient Cp as a function of λ and β.

3.1 Dynamic Turbine Model for Control
Wind turbine control can involve manipulation of blade

pitch angle β, generator resistance torque Tg, and yaw angle γ
(Fig. 3(b)) to change the wind turbine performance. Control ob-
jectives may include power maximization, control for load alle-
viation, or some combination of these and other objectives. As-
sume that wind turbine power output can be expressed as:

P =
1
2
ρπR2Cp (λ,β,γ) (v− ẋT )3 , (7)

where λ = ΩR
v−ẋT

is the blade tip speed ratio, ẋT is the fore-aft
tower bending speed at the hub height, and v is the effective
wind speed at the turbine hub height (averaged over the rotor
disc swept area). Ω is the rotor speed (on the low speed side of
the gearbox), and Cp is the aerodynamic turbine power coeffi-
cient that models how efficiently wind energy is converted to ro-
tational mechanical energy. An example of Cp dependence on λ
and β is shown in Fig. 2. Individual turbine optimal control often
seeks to maintain maximal power production at each time step
for current wind conditions. Based on (7), this is achieved ap-
proximately by maintaining maximum Cp∗ ∀ vci ≤ v ≤ vco. This
can be viewed as a control problem in which blade pitch angle
β, Ω (influencing λ), and yaw angle γ are controlled to maintain
optimal Cp. Blade pitch control [17–20] and yaw control modify
the performance of the system by affecting rotor aerodynamics
directly, while controlling generator torque affects aerodynamic
performance indirectly by modulating rotor speed. For a detailed
review of all these methods, see Ref. [21].

Successful control implementation requires accurate wind
speed v measurement, as λ = ΩR

v−ẋT
. Light detection and ranging

(LIDAR) [22] based wind speed estimation is a promising strat-
egy. An alternative control technique—maximum power point
tracking (MPPT)—does not rely on wind speed prediction [23,
pp. 76-77]. In this approach the rotor speed reference is mod-
ified by a variation ∆Ω that is based solely on a corresponding
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change in power P. The sign of ∂P
∂Ω

indicates the position of the
operating point with respect to the maximum of P(Ω). The rotor
speed reference is adjusted linearly with a rate proportional to
this derivative as a strategy to evolve the system toward optimum
operation, where ∂P

∂Ω
= 0. While this method is easier to imple-

ment, it is known to produce significant load fluctuations, short-
ening mechanical component lives. While all the above control
techniques are feedback based, many model predictive control
(MPC) based feedforward techniques have also been introduced
for wind power maximization [24–28].

The first step in wind turbine control is to identify appropri-
ate dynamic system models. Here we describe the rotor subsys-
tem dynamics as follows:

JΩ̇ = Mr (λ,β,γ)−
Mg

ηr
(8)

where Mr is the rotor torque generated by wind on the low-speed
side of the gear box, Mg (typically � Mr) is the controllable
generator resistance torque (high-speed side), ηr is the gear ratio,
and J is the rotor inertia. The net torque (i.e., Mr −

Mg
ηr

) dictates
the rotor acceleration. The rotor torque generated by wind is:

Mr (λ,β,γ) =
1
2
ρπR3 Cp (λ,β,γ)

λ
(v− ẋT )2 (9)

Wind induces thrust forces that produce fore-aft tower oscilla-
tions, modeled as:

mTe ẍT + cT ẋT + kT xT = Ft (λ,β,γ) , (10)

where cT and kT are damping and stiffness coefficients. Tower
thrust force Ft is:

Ft (λ,β,γ) =
1
2
ρπR2Ct (λ,β,γ) (v− ẋT )2 , (11)

where Ct is the aerodynamic thrust coefficient. It can be seen
from Eqns. (9) and (11) that both Cp and Ct are dependent on β
and γ (among other variables). Blade pitch angle β is dictated by
pitch subsystem dynamics:

β̈+ 2ζbωbβ̇+ω2
b (β−βc) = 0 (12)

where ζb is the damping ratio and ωb is the natural frequency
of the blade pitch subsystem. The reference command βc is the
independent control variable. Similarly, the dynamics of the yaw
subsystem are:

γ̈+ 2ζgωgβ̇+ω2
g (γ−γc) = 0, (13)

where ζg is the damping ratio and ωg is the natural frequency of
the yaw subsystem. The reference command γc is the indepen-
dent control variable.

System states x(t) ∈ R7, outputs y(t) ∈ R4, control inputs
u(t) ∈ R3, and disturbance w(t) ∈ R quantities are:

x(t) =
[
Ω xT ẋT β β̇ γ γ̇

]T
, y(t) =

[
Ω ẋT β β̇

]T
,

u(t) =
[
Mg βc γc

]T
, w(t) = v

(14)

The corresponding block diagram for this reduced-order model
is shown in Fig. 3(a), and the state space equations are:

ẋ1 =
K
J

Cp
(

x1R
w−x3

, x4, x6
)

x1R
(w− x3)3−

u1

Jηr
, ẋ2 = x3

ẋ3 = −
cT

mTe

x3−
kT

mTe

x2 +
K

mTe

Ct

(
x1R

w− x3
, x4, x6

)
(w− x3)2

ẋ4 = x5, ẋ5 = −2ζbωbx5−ω
2
b (x4−u2) , ẋ6 = x7

ẋ7 = −2ζgωgx7−ω
2
g (x6−u3) ,

(15)

where K = 1
2ρπR2. Rewritten compactly, the model is:

ẋ(t) = f(x(t),u(t),w(t))
y(t) = h(x(t),u(t),w(t))

(16)

d
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Ti

Ti+1

FIGURE 4: Inter-turbine distance definition.

3.2 Wake Interaction Model
Upstream turbine control actions impact downstream tur-

bines through the aerodynamic wake interactions. A wake model
quantifies this interaction. Control-oriented wake models are of-
ten simple algebraic models used to the evaluate the effect of con-
trol actions on wind speeds in the farm. A review of these wake
models is presented in [29]. Some of the earliest and most most
popular wake models include the Jensen model [30, 31] and the
extended Jensen model that includes yaw effects [32–34]. Other
more advanced and computationally expensive models include
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mTe ẍT + cT ẋT + kT xT = Ft

�̈ + 2⇣g!g�̇ + !2
g (� � �c) = 0 P =

1

2
⇢⇡R2Cp (·) (v � ẋT )3

�̈ + 2⇣b!b�̇ + !2
b (� � �c) = 0
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v
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Z
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Cp (·) = Cp (�,�, �)

J⌦̇ +
Mg

⌘r
= Mr

(a) Block diagram

vi
xT

Ω γ

β

Symbol Definition

Ω Rotor speed
β Blade-pitch angle
xT Tower for-aft bending
γ Yaw angle
v Wind speed

(b) Turbine states

FIGURE 3: Reduced-order non-linear wind turbine model with different subsystems

computational fluid dynamics (CFD) solvers such as SOWFA
that perform large eddy simulation of wind farms [7, 8]. Hybrid
approaches have also been introduced where large eddy simula-
tion studies inform a Jensen model [35]. Here we augment the
control-oriented wake model proposed in [32–34] to account for
temporal wake propagation.

Consider the wind speed velocity profile vw,i behind turbine i
at a downstream distance d and radial distance r (refer to Fig. 4):

vw,i(d,r) = vi (1−2aici(d,r)) , (17)

where ai is the axial induction factor and vi is the wind speed
at the hub of turbine i. The axial induction factor (0 ≤ ai ≤ 0.5)
quantifies the conversion of wind kinetic energy into rotational
energy. The axial induction factor has an upper limit of 0.5, to
ensure that blade momentum theory—which is used to derive the
equations quantifying wind turbine performance—is valid. The
wake decay coefficient is:

ci(d,r) =


ci,1, if r ≤ Dw,i,1

2

ci,2, if Dw,i,1
2 < r ≤ Dw,i,2

2

ci,3, if Dw,i,2
2 < r ≤ Dw,i,3

2

0, if r > Dw,i,3
2 ,

(18)

where Dw,i,q (q = 1,2,3) is the diameter of the wake zone q down-
stream of turbine i, as shown in Fig. 5:

Dw,i,q(d) = max
(
Di + 2keme,qd,0

)
(19)

where ke and me,q are the empirical wake expansion coefficients,
and ci,q is the local wake decay coefficient for each zone q:

ci,q(d) =

(
D j

D j + 2kemv,q (γi)d

)2

(20)

mv,q (γi) =
Mv,q

cos(av + bvγi)
, (21)

where q = 1,2, or 3. Mv,q, av, and bv are empirical wake parame-
ters, and γi is the yaw angle of turbine i. The combined effect of
multiple wakes generated using turbines i ∈ U j upstream of the
turbine j is:

v j(t) = v∞(t)X j, (22)

where X j is the free stream wind speed v∞(t) multiplier that ac-
counts for multiple wakes generated by upstream turbines. The
steady state effect of the wake is:

X j = 1−2
√ ∑

di<d j

(aiδvi)2. (23)

5 Copyright © 2017 ASME
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Since the wake effect at turbine j is not instantaneous, we intro-
duce a time-delayed (pseudo-dynamic) wake effect at time t by
accounting for the time required for wake to travel from turbine
i to j:

X j(t) = 1−2
√ ∑

di<d j

(
ai

(
t−τi(d j−di)

)
δvi

)2
, (24)

where τi
(
d j−di

)
is the time required for the wake to travel the

distance d j − di from turbine i to j, and δvi is the wind speed
deficit at turbine i, given by:

δvi =

3∑
q=1

ci,q
(
d j−di

)
min

Ao
i, j,q

A j
,1

 , (25)

where Ao
i, j,q is the wake overlap area between the qth wake zone

created by turbine i at turbine j, and A j is the turbine j rotor area.
To calculate wake travel time, the angle made by the wake

center-line with the x-axis (as shown Fig. 5) is quantified as a
function of downstream distance d j−di from the turbine i [34]:

ξi(d j−di) ≈
2ai (1−ai)cos2 (γi) sin(γi)(

1 +
2kd(d j−di)

D

)2 , (26)

The wake center-line y-offset for turbine i due to deflection is
obtained by integrating the radial distance:

yw,i(d j−di) =

∫ d j

di

tan(ξi(s))ds (27)

Finally, the wake travel time, τi(d j−di), is:

τi(d j−di) =

∫ d j

di

(
1

vw,i(s)cos(ξi(s))

)
ds ≈

n∑
k=1

(
1

v̄k cos(ξi (sk))

)
∆sk

=

n∑
k=1

2(sk − sk−1)(
vw,i (sk) + vw,i (sk−1)

)
cos(ξi (sk))

(28)
where s0 = 0, sn = d j−di, and sk > sk−1 ∀k are defined such that
the distance d j − di between turbines downstream of turbine i is
divided into n segments of equal length:

d j−di =

n∑
k=0

∆sk =

n∑
k=0

sk − sk−1.

with average wake speed v̄k for segment k defined as:

v̄k =
vw,i (sk) + vw,i (sk−1)

2

Γi

v∞(t)

→
→
→
→
→ ξi �Dw,i,1(d)

�Dw,i,2(d)
�Dw,i,3(d)

yw,i(d)

d
Ti

Ti+1

FIGURE 5: Three wake interaction zones (q = 1,2,3)

4 Layout Design with Control Considerations (Co-
Design)
System-optimal layout requires simultaneous control con-

sideration. Here we use nested co-design [36] where the outer
‘layout planner’ loop determines layout, and the inner ‘farm
controller’ loop runs the optimal farm controller, accounting for
farm-level wake interactions (Fig. 6). One advantage of nested
co-design is the ability to use existing optimal control algorithms
to solve the inner-loop ‘farm controller’ problem efficiently with-
out the added complexity of managing plant design variables in
the inner-loop. These solution algorithms are well-tailored to this
particular class of problems, and can solve the inner-loop prob-
lems efficiently and robustly. Moreover, the nested approach also
keeps the variable set sizes balanced across both the loops of the
problem, unlike the simultaneous approach [36], where all vari-
ables form a single large variable set, increasing problem size.

Xk,Yk

Layout planner

max
X,Y

f∗ (X,Y)

Farm controller

f∗
(
Xk,Yk

)
Farm Controller

Supervisory 

Controller

T1 T2 TnTn-1
. . . 

Dispatch Controllers

FIGURE 6: Layout design with different levels within farm con-
troller

Let
(
Xk,Yk

)
be the kth iterate chosen by the ‘layout plan-

ner’ optimization routine, where Xk,Yk ∈ Rn are the vectors of
x and y locations of the n turbines. Layout design k is passed
to the inner-loop farm controller, for evaluation of the objective
function, which internally runs its own optimization routine to
compute the optimal objective function for the candidate layout,
i.e., it computes f∗

(
Xk,Yk

)
. This optimal value function f∗(·) is

the objective function for the layout planner.
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The farm controller solves the optimal control problem with
wake interaction as described in Section 3 (and compactly rep-
resented by Eqn. (29)) for each iteration of the farm controller:

vi(t) = g
(
v∞,a(t),ΓΓΓ(t),Xk,Yk

)
, ∀ i = 1,2, . . . ,n, (29)

where n is the number of turbines in a farm.

4.1 Layout Design for AEP
The layout co-design problem for AEP accounts for multiple

free-stream wind speed profiles and directions (with different tur-
bulence intensities). The control inputs to the ‘farm controller’
include the axial induction factors and turbine yaw angles for
all the turbines. Inter-turbine spacing constraints are enforced to
prevent collisions during yaw:(

Xi−X j
)2

+
(
Yi−Y j

)2
≥ D2, ∀ i, j and i , j, (30)

where D is the turbine rotor diameter. Using AEP from Eqn. (2),
the layout co-design problem is:

max
X,Y

faep∗ (31a)

subject to:
(
Xi −X j

)2
+

(
Yi −Y j

)2
≥ D2, ∀ i, j, i , j (31b)

Xl ≤ Xi ≤ Xu,∀i (31c)

Yl ≤ Yi ≤ Yu,∀i (31d)

where: (31e)

faep∗ = max
a(t),ΓΓΓ(t)

8760
n∑

i=1

m∑
d=1

pd

∫ vco

vci

Pi(vid ,Xi,Yi)p(vid)dv (31f)

subject to: 0 ≤ ai(t) ≤ 0.5, ∀ i (31g)

Γl ≤ Γi(t) ≤ Γu, ∀ i (31h)

where: vid = g (v∞,a(t),ΓΓΓ(t),X,Y) , ∀ i (31i)

Pi(vid , ·, ·) = 2ρπR2ai(t)(1−ai(t))2ηcos(Γi(t))mv3
id (31j)

a(t) = [a1(t), . . . ,an(t)]T (31k)

ΓΓΓ(t) = [Γ1(t), . . . ,Γn(t)]T (31l)

X = [X1,X2, . . . ,Xn]T ,Y = [Y1,Y2, . . . ,Yn]T (31m)

and where vid is the wind speed in dth direction, and m is the
number of wind speed directions considered. Each candidate
layout (X,Y) is passed on to supervisory controller layer of the
‘farm controller’. This layer is represented by Eqns. (31f)–(31l),
which computes the optimal AEP for a given candidate layout,
and passes the faep∗(·) value back to layout planner outer loop.

4.2 Layout Design for Frequency Regulation
Here AEP is replaced by the regulation score objective func-

tion, defined in Eqn. (6). The modified nested optimization prob-
lem is:

max
X,Y

freg∗ (32a)

subject to:
(
Xi −X j

)2
+

(
Yi −Y j

)2
≥ D2, ∀ i, j, i , j (32b)

Xl ≤ Xi ≤ Xu,∀i (32c)

Yl ≤ Yi ≤ Yu,∀i (32d)

where: (32e)

freg∗ = max
a(t),ΓΓΓ(t)

m∑
d=1

pd

(∫ t f

0
S o (rd(t), s(t),X,Y)2 dt

)
(32f)

subject to: 0 ≤ ai(t) ≤ 0.5, ∀ i (32g)

Γl ≤ Γi(t) ≤ Γu, ∀ i (32h)

where: vid = g (v∞,a(t),ΓΓΓ(t),X,Y) , ∀ i (32i)

Pi(vid , ·, ·) = 2ρπR2ai(t)(1−ai(t))2ηcos(Γi(t))mv3
id (32j)

rd(t)
m∑

d=1

= Pi(vid , ·, ·) (32k)

a(t) = [a1(t), . . . ,an(t)]T (32l)

ΓΓΓ(t) = [Γ1(t), . . . ,Γn(t)]T (32m)

X = [X1,X2, . . . ,Xn]T ,Y = [Y1,Y2, . . . ,Yn]T (32n)

where rd(t) is farm power output for wind speed in direction
d. Each candidate layout (X,Y) is passed to the supervisory con-
troller layer within ‘farm controller’. This layer is represented by
Eqns. (32f)–(32l), which computes the optimal regulation score
for a given candidate layout, and passes the freg∗(·) value back to
layout planner outer loop.
4.3 Dispatch Control Phase

In the dispatch control phase the individual controller on
each turbine tracks the optimal power coefficients specified by
the supervisory controller (Fig. 6). Observe the dependence
structure of Cp and Ct:

Cp (λi,βi,γi) ≡Cp (ai,Γi)

Ct (λi,βi,γi) ≡Ct (ai,Γi)
(33)

Cp and Ct can be defined in two distinct ways, enabling sep-
aration of the overall problem into dispatch planning and con-
trol problems. Once the dispatch planner solves the regulation
problem using Cp (ai,Γi) and Ct (ai,Γi) ∀ i, individual turbine
dispatch controllers solve the optimal tracking problem using
Cp (λi,βi,γi) and Ct (λi,βi,γi). That is, all n dispatch controllers
work to minimize the objective:

min
Mg(t),βc(t),γc(t)

∫ t f

0

(
Cp (λi,βi,γi)−Cp(ai∗,Γi∗)

)2
dt. (34)

The objective of Prob. (34) is to track the optimal Cp refer-
ence determined by the dispatch planner—Cp(ai∗,Γi∗)—by ma-
nipulating the control variables Mg(t), βc(t), and γc(t). For sim-
plicity of the notation and brevity, subscript i is dropped from the
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remaining formulations and Cp (ai∗,Γi∗) is defined compactly as
C̃p(t). The complete dispatch controller optimization problem
for turbine i then can be written as:

min
Mg(t),βc(t),γc(t)

∫ t f

0

(
Cp (λ,β,γ)− C̃p(t)

)2
dt (35a)

s.t.: Mr = JΩ̇ +
Mg

ηr
(35b)

Ft = mTe ẍT + cT ẋT + kT xT (35c)

0 = β̈+ 2ζbωbβ̇+ω2
b (β−βc) (35d)

0 = γ̈+ 2ζgωgβ̇+ω2
g (γ−γc) (35e)

βL ≤ βc ≤ βU (35f)
γL ≤ γc ≤ γU (35g)

MgL ≤ Mg ≤ MgU (35h)
Ω ≤ 1.2Ωr (35i)

where: Ft =
1
2
ρπR2Ct (λ,β,γ) (v− ẋT )2 (35j)

Mr =
1
2
ρπR2 Cp (λ,β,γ)

λ
(v− ẋT )2 (35k)

turbine dynamics and constraints are described by Eqns. (35b–
e) and (35f–i), respectively. Using the state, control, and wind
disturbance definitions from Eqn. (14), Prob. (35) can be written
compactly as:

min
u(t)

∫ t f

0

(
Cp (x(t),w(t))− C̃p(t)

)2
dt (36a)

s. t.: ẋ(t) = f(x(t),w(t)) + B̄u(t) (36b)
Axx(t) ≤ bx (36c)
Auu(t) ≤ bu (36d)

The matrices (Ax, Au) and vectors (bx, bu) provide an al-
ternate representation of the constraints (35f–i). The system dy-
namics (35b–e and 36b) are already affine in u(t) (B̄ ∈R7×3). Effi-
cient solution of the dispatch controller problem (36) is achieved
by constructing an equivalent nonlinear program (NLP). This in-
volves temporal discretization, converting the system dynamics
(differential) equations into algebraic equations via collocation,
and using numerical quadrature to evaluate the objective function
integral. Simultaneous methods for direct optimal control (i.e.,
simulation and optimization are performed together) are used to
solve this problem [37–39]. While the simultaneous strategy in-
creases the number of optimization variables, the resulting non-
linear program is sparse and well-structured, and avoids numeri-
cal instabilities inherent in other approaches.

4.4 Solution Techniques for Co-Design
The co-design problem is solved by transcribing the infinite

dimensional problem into a finite dimensional nonlinear program

(NLP)[36, 39, 40]. We describe only the solution technique for
layout co-design for AEP (Prob. (31)), as the technique for layout
co-design for regulation is identical, except the objective func-
tion. Let N be the number of discretization time segments over
the horizon

[
0, t f

]
.

faep∗(·) = max
a(t),ΓΓΓ(t)

8760
n∑

i=1

m∑
d=1

pd

∫ vco

vci

Pi(vid,Xi,Yi)p(vid)dv

≈max
z

8760
n∑

i=1

m∑
d=1

pd

 N∑
k=0

hkPi(vid(tk),Xi,Yi)p(vid(tk))


(37)

where hk is the time step size at time tk, and the discrete time
optimization vector z for the farm controller is:

z =
[
aT(t0),aT(t1), . . . ,aT(tN),ΓΓΓT(t0),ΓΓΓT(t1), . . . ,ΓΓΓT(tN)

]T
. (38)

The inequality (box) constraints on a(t) and ΓΓΓ(t) are:

−1 0 . . . 0
1 0 . . . 0
0 −1 . . . 0
0 1 . . . 0
...

...
. . .

...

0 0 . . . −1
0 0 . . . 1

︸             ︷︷             ︸
Aa f

a(tk) ≤



0
1/2
0

1/2
...

0
1/2

︸︷︷︸
a f

, and



−1 0 . . . 0
1 0 . . . 0
0 −1 . . . 0
0 1 . . . 0
...

...
. . .

...

0 0 . . . −1
0 0 . . . 1

︸             ︷︷             ︸
Ag f

ΓΓΓ(tk) ≤



Γl
Γu
Γl
Γu
...

Γl
Γu

︸︷︷︸
g f

.

The number of columns in matrices Aa f and Ag f is equal to
number of turbines. After concatenating for each tk, we can write
the linear inequality constraints as:

Aqz ≤q, (39)

where:

Aq =

[
IN×N ⊗Aa f 0

0 IN×N ⊗Ag f

]
, and bq =

[
1N ⊗ a f
1N ⊗ g f

]
,

and where ⊗ defines the Kronecker product, 1N ∈ R
N is a vector

with all entries as 1, and IN×N is the identity matrix of dimensions
N ×N. Finally, the overall nonlinear optimization problem, after
combining Eqns. (37) and (39), can be written as:

max
X,Y

faep∗(·) (40a)

s.t.:
(
Xi −X j

)2
+

(
Yi −Y j

)2
≥ D2, ∀ i, j, i , j (40b)

Xl ≤ Xi ≤ Xu,∀i (40c)

Yl ≤ Yi ≤ Yu,∀i (40d)

where: (40e)

faep∗ = max
z

8760
n∑

i=1

m∑
d=1

pd

 N∑
k=0

hkPi(vid(tk),Xi,Yi)p(vid(tk))

 (40f)
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s. t.: Aqz ≤q (40g)

where: vid(tk) = g (v∞,z,X,Y) , ∀i, ∀k (40h)

Pi(vid(tk), ·, ·) = 2ρπR2ai(tk)(1−ai(tk))2ηcos(Γi(tk))mvid(tk)3 (40i)

z = [a(t0), . . . ,a(tN ),ΓΓΓ(t0), . . . ,ΓΓΓ(tN )]T (40j)

X = [X1,X2, . . . ,Xn]T ,Y = [Y1,Y2, . . . ,Yn]T (40k)

Problem (40) is non-convex. We solve it using a multi-start
strategy with gradient-based optimization to increase confidence
in (but not guarantee) finding the global optimum. Due to the in-
clusion of sophisticated wake models (with all three – expansion,
propagation and deflection capabilities), and wind speed simula-
tions based on complex spectral methods [41], it not possible to
derive optimality conditions analytically for this problem, neces-
sitating the use of approximate local solution methods. In this
implementation we chose more realistic models that do not sup-
port proof of global optimality, as opposed to highly-simplified
models that are more convenient from an optimization perspec-
tive, but that are inaccurate due to simplifying assumptions. The
models used here are more realistic than those used in previous
layout problems. This co-design study, integrating turbine layout
with controls consideration and a time-varying wake interaction
model, is the first of its kind, a core aspect of the intellectual
contribution presented here.

5 Case Study
Layout design case studies consisting of 8 and 12 NREL

5MW wind turbines [42], with physical parameters listed in Ta-
ble 1, wake parameters in Table 2, and wind speed distribution
given in Fig. 1, are presented. The conventional layout design
problem (without control) is also solved for comparison. Higher
wind speeds are predominantly in the SW direction. Terrain is as-
sumed to be flat, and hub heights are identical for all turbines. It
is assumed that the number of turbines and land area are predeter-
mined. The land for studies is assumed be square (hence convex)
in shape, with an area of 1000m × 1000m and the time horizon,
t f , for each simulation is assumed to be 100s. The multi-modal
multi-directional wind speeds are simulated using NREL’s Turb-
Sim software [41]. A Risø smooth terrain spectral model [43]
in TurbSim is used to simulate the realistic wind speed trajecto-
ries. The use of the sophisticated wind speed model along with a
comprehensive wake model, in the context of layout co-design,
is also a novel contribution of this work.

Figure 7 compares optimal layouts for the 8-turbine farm us-
ing the conventional (without control) approach and co-design
approach. The AEP for conventional layout optimization is
202.7 GWh, and is 214.5 GWh for co-design (5.8% improve-
ment). Figure 8 compares optimal layouts for the 12-turbine
farm. The AEP for layout optimization without control is 366.4
GWh, whereas the AEP for co-design is 431.5 GWh (a 17.7%
improvement). Such a performance improvement is very signifi-
cant, given the magnitude of energy generated by wind farm over

TABLE 1: NREL 5MW wind turbine parameters [42]

Parameter Symbol Value

Rotor radius R 63 m
Hub height H 90 m
Gear-box ratio ηr 0.01031
Inertia (hub system) JH 115926 kgm2

Inertia (blade system) JB 11776047 kgm2

Inertia (generator system) JG 534.116 kgm2

Mass (tower) mT 347460 kg
Mass (hub) mH 56780 kg
Mass (blade) mB 177400 kg
Mass (nacelle) mN 240000 kg
Natural frequency (tower) ωT 0.32 Hz
Natural frequency (pitch system) ωb 2π Hz
Natural frequency (yaw system) ωg 3 Hz
Damping ratio (structure) ζs 0.01
Damping ratio (pitch system) ζb 0.75
Damping ratio (yaw system) ζg 0.02
Optimal tip-speed ratio λopt 7.55
Optimal power coefficient Cpopt 0.482

TABLE 2: Wake parameters for case study [33, 34]

parameter value parameter value

η 0.77 av 5
m 1.88 bv 1.66
ke 0.065 me,1 -0.5
Mv,1 0.5 me,2 0.22
Mv,2 1 me,3 1
Mv,3 5.5

the course of a year.
For further comparison, optimal control for a fixed (uniform)

layout was performed. The resulting AEP for was 39.0 GWh,
whereas the AEP for the co-design approach is 431.5 GWh. This
order-of-magnitude difference in AEP demonstrates that optimal
layout design is also extremely important along with optimal
farm control.

Using co-design makes a bigger difference in AEP for the
12-turbine farm (17.7%) than for the 8-turbine farm (5.8%). As
turbine density increases, wake effects are more pronounced, and
co-design provides greater ability to optimally control the expan-
sion, propagation and deflection of yaw (refer to the wake model
presented in Section 3) to provide a synergistic benefit that trans-
lates to higher AEP. Hence, the proposed approach is anticipated
to have increased value for layouts with very stringent space lim-
itations.

5.1 Layout Sensitivity to Design Objective
A wind farm may be used both for frequency regulation and

energy production. How then can we determine optimal layout
for a farm accounting for both functions. Here we investigate
how optimal layout changes as we shift emphasis from regulation
to AEP using a weighted objective function:
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(a) Conventional layout design (without control optimization) (b) Layout co-design

FIGURE 7: 2D Solution comparison for 8-turbine farm.

(a) Conventional layout design (without control optimization) (b) Layout co-design

FIGURE 8: 2D Solution comparison for 12-turbine farm.

fw = w1 freg + w2 f norm
aep (41)

where w1 and w2 are the weights on regulation and AEP objec-
tive, respectively, freg is the regulation objective function defined
in Eqn. (6), and f norm

aep is the normalized AEP objective defined
in Eqn. (2). The normalization constant is chosen such that both
objectives in Eqn. (41) are the same order of magnitude. The
following optimization problem is then solved for different com-
binations of w1 and w2 to quantify this tradeoff.

max
X,Y

fw∗(·) (42a)

subject to:
(
Xi −X j

)2
+

(
Yi −Y j

)2
≥ D2, ∀ i, j, i , j (42b)

Xl ≤ Xi ≤ Xu,∀i (42c)

Yl ≤ Yi ≤ Yu,∀i (42d)

where: (42e)

fw∗ = max
a(t),ΓΓΓ(t)

w1 freg + w2 f norm
aep (42f)

subject to: 0 ≤ ai(t) ≤ 0.5, ∀ i (42g)

Γl ≤ Γi(t) ≤ Γu, ∀ i (42h)

where: vid = g (v∞,a(t),ΓΓΓ(t),X,Y) , ∀ i (42i)

Pi(vid , ·, ·) = 2ρπR2ai(t)(1−ai(t))2ηcos(Γi(t))mv3
id (42j)

rd(t) =

m∑
d=1

= Pi(vid , ·, ·) (42k)

a(t) = [a1(t), . . . ,an(t)]T (42l)

ΓΓΓ(t) = [Γ1(t), . . . ,Γn(t)]T (42m)

X = [X1,X2, . . . ,Xn]T ,Y = [Y1,Y2, . . . ,Yn]T (42n)
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Problem (42) was solved for following sets of weights: {w1,w2}
- {0, 1}, {0.25, 0.75}, {0.5, 0.5}, {0.75, 0.25}, and {1, 0}. Opti-
mal farm layouts resulting from this problem are shown in Fig. 9.
Significant differences are observed. Effective design requires a
good understanding of the expected balance between energy pro-
duction and regulation. A good decision involves significant un-
certainty, not only in wind distribution, but also energy sale and
regulation markets. We acknowledge that this study is simpli-
fied. Nevertheless, this initial study illustrates trends in design
changes based on this balance. Additional future studies should
be performed to analyze these layouts, and to identify and vali-
date patterns that could lead to general design principles for lay-
out depending on anticipated balance between energy production
and regulation.

regulation

AEP

FIGURE 9: Layout design comparisons for different weights on
AEP and regulation objectives. Moving toward the lower right
results in greater emphasis on regulation performance. Increased
emphasis on energy production appears to result in two distinct
bands of turbines perpendicular to the prevailing wind direction
(roughly southwest).

5.2 Synergy Mechanisms
Based on the above results, we have observed multiple po-

tential synergy mechanisms, i.e., specific mechanisms that can
be exercised only when integrated design methods are employed
[44]. By designing layout and control simultaneously, we can
use hypothesized synergy mechanisms to improve overall system
performance. Here we identify two specific candidate synergy
mechanisms, and test the existence of these mechanisms using
additional quantitative studies.

When the control system is included with layout co-design,
it allows us to maximize the energy production by:

1. Optimally placing wind turbines in a farm,
2. Optimally controlling the farm, in turn, optimally manipu-

lating the wake to improve performance.

Optimal farm control for given a layout involves manipulat-
ing control variables to influence the deflection, expansion, and
propagation of wake. Wake deflection refers to the lateral dis-
placement of wake downstream of the turbine due to change in
turbine yaw angle, as shown in Fig. 10. Wake expansion corre-
sponds to the conical expansion of wake, and wake propagation
refers to the reduced wind speeds in the wake zone as shown in
Fig. 11. Both wake expansion and propagation can be controlled
by manipulating generator torque (hence rotor acceleration) and
blade pitch angle.

Γ

FIGURE 10: Illustration of deflection synergy (S1)

FIGURE 11: Illustration of expansion and propagation synergy
(S2)

We refer to 1) wake deflection and 2) wake expansion and
propagation as two distinct synergy mechanisms through which
the power output (and thus energy) of the farm can be influenced
by manipulating control variables. We conjecture that these syn-
ergy mechanisms allow us to improve AEP when using co-design
compared to conventional layout design (without control design).
The benefits of co-design in achieving system-optimal solutions
has been well documented [36, 45–47], however the quantifica-
tion of synergy mechanisms, as presented here, that allows co-
design to improve system performance is a novel contribution.

To quantify the effects of these candidate synergy mecha-
nisms, we selectively turn off each of the synergy mechanisms
and observe the effect on the performance. The results of this ex-
periment are shown in Fig. 12. It can seen that the standalone de-
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flection synergy has marginal to no effect on AEP improvement,
whereas the standalone effect of expansion and propagation syn-
ergy has higher impact on AEP improvement. The combination
of both synergy mechanisms has the highest impact on AEP im-
provement (17.7%, corresponding to AEP of 431.5 GWh for the
12-turbine farm). With respect to the problem formulation and
test conditions, we can confirm the existence and relative impor-
tance of these synergy mechanisms. Capitalizing on these mech-
anisms to improve performance requires incorporation of control
system design into the solution strategy.

None S1 S2 S1+S2

synergy mechanism
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+0.9% +6.6%
+17.7%

FIGURE 12: Effects of synergy mechanisms on the AEP of the
12-turbine farm

6 Conclusions and Future Work
In this article we proposed a wind farm layout co-design

strategy to improve the AEP of wind farm by optimally designing
the layout simultaneously with the control system. The layout
co-design results with 8- and 12-turbine studies showed signif-
icant improvement in AEP (up to 17.7%) over a conventional
layout design approach. It was seen that increased turbine den-
sity increases wake effects, and the resulting importance of co-
design for improving performance. Synergy mechanisms may
exist when design elements are coupled, and integrated design
methods can capitalize on these mechanisms to improve per-
formance over conventional non-integrated methods. Two syn-
ergy mechanisms were identified for wind farm layout co-design,
and their relative importance and interaction was tested quantita-
tively.

Wind farms are designed typically with the consideration of
overall life-cycle cost and energy production. A trade-off analy-
sis between compensation through energy sale versus frequency
regulation could be performed as future work. Results of such
as study could help guide decisions regarding how to balance
bidding for frequency regulation versus energy sale to improve
overall farm revenue. Energy pricing, however, is very dynamic
and location dependent, increasing the difficulty of uncertainty
associated with such a study. This trade-off analysis, as well as
strategies for managing uncertainty, is identified here as future
work. Moreover, variation in model parameters due to wear and

tear was not accounted for in this work, and a future study could
address parameter uncertainties and evolution explicitly during
optimization.
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