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Governing Equation
The Reynolds equation in cylindrical coordinates is derived from mass conservation for an
incompressible fluid and the Navier-Stokes (conservation of momentum) equations in cylindrical
coordinates [1], given as
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where ρ is the fluid density, p is the pressure, η is the fluid viscosity, vr  r , , z  is the r velocity
component, v  r , , z  is the θ velocity component, vz  r , , z  is the z velocity component, and

D
is the material derivative, which in cylindrical coordinates is
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Equation (2) can be simplified by making the following assumptions:
1) Inertial terms are negligible
2) h0 / R  0 where h0 is the reference gap height and R is the reference radius
3) The pressure is invariant in the z direction
4) The fluid is an isoviscous Newtonian fluid
The simplified Navier-Stokes equations then become a balance of pressure and viscous forces
given by
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and the conservation of mass equation is the same as Equation (1).
The velocity boundary conditions used are

at z=0: v  r and vr  vz  0
at z  h : v  vr  vz  0

(5)

where Ω is the prescribed angular velocity of the flat plate and h  r ,  is the gap height, which
can be a function of both r and θ.
Solving Equation (4) through direct integration with respect to z and by applying the
boundary conditions given in Equation (5) gives
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It can be seen from Equation (6) that v is a linear combination of both simple shear flow (Couette
drag flow) and pressure driven flow (Poiseuille flow) and vr involves only pressure driven flow.
Substituting Equation (6) into the continuity equation (Equation (1)), integrating in the z direction
to remove z dependence, and applying Liebnitz’s integration rule gives the Reynolds equation in
cylindrical coordinates as
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If the system is assumed to be in steady state, then the steady form of the Reynolds equation in
cylindrical coordinates is
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which is an elliptic, non-constant coefficient, second order partial differential equation for the
pressure field p(r,θ). If the gap height h  r ,  is prescribed (and boundary conditions for the
pressure in the r and θ directions are also prescribed) then Equation (8) can be solved explicitly
for the pressure and used in Equation (6) to calculate the velocity field.

Comparison of Numerical Methods
Several numerical methods can be used to solve the steady Reynolds equation, Equation
(8). We use the pseudo-spectral method because it guarantees that the pressure solution is
continuous, differentiable, and integrable [2], which is important because we want to compare the
3

normal force (integral of pressure) and shear stress (from derivatives of velocity, and thus
derivatives of pressure) from simulations to experiments.
The most popular method for solving the Reynolds equation with surface textures has been
the finite difference method (FDM) [3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. The resulting matrices are sparse
because the differences are defined with respect to the nearest nodal points. However, the solution
method using FDM is not guaranteed to be continuous, differentiable, or integrable, since FDM
only acts on the function at the specified grid points [2]. It can also be shown through a Taylor
series expansion that the error ε between the true solution and the computed solution decays as
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where N is the number of grid points in an equally spaced mesh and a is the convergence rate that
depends on the type of FDM used; a=1 for Euler-Forward/Euler-Backward, a=2 for Central Finite
Differences, and a>2 for higher order differencing schemes. Therefore, a large number of grid
points may be needed to decrease the error between the true solution and the computed solution,
resulting in a large computational cost.
The finite volume method (FVM) has also been used [12, 13], and the results can be better
than those obtained by FDM since FVM is a conservative method (the efflux out from one control
volume is the influx into the neighboring control volumes). The matrices produced using FVM are
also sparse, since each control volume interacts only with its nearest neighbors [14]. However, the
solution using FVM cannot be guaranteed to be continuous, differentiable, or integrable, since
FVM only acts at discrete points (usually the centers of the control volumes). The error between
the true solution and the computed solution also decays in the same way as that given in Equation
(9), meaning a large number of control volumes is needed to decrease the error, resulting in a large
computational cost.
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One method to avoid the problems associated with FDM and FVM is to use the finite
element method (FEM) [12, 15, 16]. The resulting solution is guaranteed to be continuous and
integrable (though not differentiable), since FEM operates on coefficients of basis functions
instead of discrete functional points [2, 17]. The resulting matrices are still sparse, since the basis
functions are defined to be non-zero locally. The error between the true solution and the computed
solution decays in the same way as Equation (9), where a=4 for piecewise linear finite elements.
A method that is guaranteed to be continuous, integrable, and differentiable is the
spectral/pseudo-spectral method [12, 18, 19]. In this method, the basis functions are smooth,
continuous functions that are defined over the entire domain [17, 20]. The error ε between the true
solution and the computed solution decays as [21, 22, 23]
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where N is the number of grid points. It should be noted that the resulting matrices are no longer
sparse, because the basis functions are defined over the entire domain. However, since the error
between the true solution and the computed solution converges exponentially in space, a small
number of grid points are needed to reduce the error, resulting in a small computational cost.
Therefore, since the computational cost is small, and the solution is continuous, differentiable, and
integrable, we use the pseudo-spectral method.

Formulation and Solution Procedure
We write our own code for using the pseudo-spectral method to solve Equation (8) for the
pressure so that it can be coupled to optimization tools (for optimization studies outside the scope
of the work presented here [24]). The pseudo-spectral method solves the governing partial
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differential equation using a weighted residual technique (WRT) that computes an approximate
solution to the differential equation [2, 17, 20].
We apply the WRT to Equation (8) by multiplying by a test function w and integrating over
the computational domain (Figure 3) which yields the weak form of the Reynolds Equation
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where φ is the span in the θ direction and   2 / Ntex where Ntex is the number of periodic “pie”
slices and Ri and Ro are the inner and outer radii respectively. This can be simplified using
integration by parts to reduce the degree of differentiability on the left hand side [2, 17, 20] and
using appropriate boundary conditions given in the main body of the text to obtain
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The integrals in Equation (12) will be solved numerically. We use Gauss-LobattoLegendre quadrature to evaluate the integrals. In this quadrature rule, the quadrature evaluations
occur over a domain [-1, 1]. The interior discretized points are located at the zeros of the derivative
of the Nth order Legendre polynomial [25], resulting in N+1 total mesh points. The quadrature
weights are optimally chosen so that the quadrature is exact for polynomials of degree 2N-1 [2].
Since our quadrature evaluation points occur over the domain [-1,1], a change of variables must
be performed to evaluate the integrals. The new variables, with domain [-1,1] are given as
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Using Equation (13) to change variables in Equation (12) gives
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Finally, the pseudo-spectral method assumes that the functions w and p can be written as
linear combinations of basis functions. If the Galerkin method is used, then the basis functions for
w and p are the same [2, 17, 20] and w and p can be written as
N 1 N 1

w   wij i    j  
i 1 j 1

(15)

N 1 N 1

p   plm l   m  
l 1 m 1

where ρ is the basis function in one dimension and wij and plm are the coefficients of the basis
functions. As basis functions, we chose Nth order Lagrange polynomials
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where xi and xj are the grid point locations, i.e. the Gauss-Lobatto-Legendre points. Example basis

 

functions are given in Figure S1. We selected these basis functions because i x j  ij , where
 ij is the Kronecker delta, which simplifies the numerical evaluation of the integrals in Equation

(14), and also means that the coefficients plm correspond to the pressure evaluated at the grid
points.
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Figure S1: Example N=12 order Lagrange polynomial basis functions for i=2 and i=9 (Equation
(16)). We use N=65 order in the pseudo-spectral method to solve the Reynolds equation.
Substituting Equation (15) into Equation (14) gives
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It can be seen that Equation (17) can be written in matrix form as

wT Kp  wT f
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(18)

which is a linear system of equations where w and p are the vectors containing the coefficients,
K is a matrix defined as

Kijlm  
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and f is a vector defined as
1 1
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It should be noted that K is a symmetric matrix and depends only on the 1st derivatives of the basis
functions [2]; this is a direct result of using the integration by parts in Equation (12). We also
assumed that the gap (texture) topography h could also be written as
N 1 N 1

h   hab a  b   .

(21)

a 1 b 1

where hab is the gap height evaluated at the grid points.
Using the Gauss-Lobatto-Legendre quadrature rule for evaluating the integrals defining K
and f yields K and f in matrix form as [26]
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where M is a diagonal matrix containing the quadrature weights, D is a full matrix such that

i
|x  Di [25], R is a diagonal matrix containing the values of r from Ri to Ro, H is a diagonal
x j
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matrix containing the values of h at the grid points, I is the identity matrix, h is a vector
containing the gap height evaluated at the quadrature points, and  specifies the Kronecker tensor
product allowing matrices in 1-D to be extended to higher space dimensions [26].
The above analysis is true for every grid point in the computational domain, resulting in a
2
system of ( N  1) equations that need to be solved. We can reduce the number of equations by

imposing the boundary conditions using [27, 28]

w  Bw
p  Bp

(24)

where w and p are the vectors containing the coefficients at the interior nodes and the matrix
B  B  B , where B defines the boundary conditions in the ψ direction and B defines the

boundary conditions in the ξ direction. Examples of B and B are given in subsequent sections
because the exact structure of the matrices are problem specific. Substituting Equation (24) into
Equation (18) gives

wT BT KBp  wT BT f

(25)

wT K p  wT f 

(26)

which can be rewritten as

where
K   BT KB
f   BT f .

(27)

For non-trivial solutions, Equation (26) can be rewritten as find p such that

K p  f 
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(28)

which eliminates the need to solve for the test function w. Since K  and f  are already known
from Equations (22), (23), and (27) for a given h(r, ), Ω, and boundary conditions, Equation (28)
can be inverted to obtain p directly. The full solution p that satisfies the boundary conditions
can then be obtained from Equation (24).
The full pressure solution will be used to calculate the normal force of the flat plate
through an integration of the pressure over the area, calculated as

FN 

2 Ro

  prdrd ,

(29)

0 Ri

and it can be seen that since inertial effects are negligible, normal force is proportional to viscosity
and rotation speed

FN ~ .

(30)

Derivatives of pressure are used to determine the velocity field through Equation (6), and
derivatives of velocity components determine the shear stress on the top plate
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This is integrated to calculate the total shear load in terms of torque
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and it can again be seen that the load scales linearly with viscosity and rotation speed
M ~ .

(33)

Using the torque and the normal force, we define an effective friction coefficient µ*, similar to
previous work [29], as
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which is independent of the fluid viscosity or speed of rotation and only depends on the texture
gap height profile.

Comparison to Analytic Solution
To verify the solution method outlined in the previous section, the numerical solution is
compared to an analytic solution of the Reynolds equation in cylindrical coordinates. The analytic
solution is obtained in the limit that Ro  Ri  1, causing the pressure to not vary in the r direction,
and that h  h   only, which will be specified. These assumptions allow Equation (8) to be
rewritten as

1 d  h3 dp 
dh
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r d  r d 
d
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We choose to specify the gap height as a linearly varying function

h

h2  h1





h2  h1
2

(36)

where φ is the total span in the θ direction, h    / 2   h2 , and h    / 2   h1 . This gap
height profile was selected because it is smooth and it allows an analytical solution to the Reynolds
equation. We choose the boundary conditions

p    / 2   p    / 2   0.

(37)

Solving Equation (35) for the pressure as a function of h with the given boundary conditions and
h profile gives

12

p  h 

h1h2
h2  
6 r 2  1
1
 1 
  

2
 h2  h1   h  h2  h1  h h1  h2  h1  

(38)

which can be solved for p(θ) by substituting in Equation (36). The r term in Equation (38) can be
treated as a constant, because r  1. Moreover, the approximately constant value of r sets the
velocity V=rΩ and the distance L=rφ in the flow direction, thus the term in the numerator

r 2  VL . The normal force acting on the flat plate is obtained by integrating in both the θ and
r directions: Ftrue 
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  prdrd , which upon integration gives
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h1
. The true normal force is the metric to which the numerical simulations are
h2

compared.
The numerical solution is obtained by solving Equation (28) with appropriate boundary
conditions. The applied boundary conditions are

p    / 2   p    / 2   0,

p
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which are implemented numerically through B and B as
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The boundary condition in the r direction must be specified because numerically we are using the
original 2-D form of the steady state Reynolds equation given in Equation (8) and not the
simplified 1-D form given in Equation (35). The normal force on the flat plate in obtained using
Gauss-Lobatto-Legendre quadrature on the computed pressure by Fcomp 

 /2 Ro

 p

comp

rdrd , where

 /2 Ri

pcomp is the computed pressure. The error between the computed normal force and the true normal

force is calculated as



| Ftrue  Fcomp |
.
| Ftrue |

(42)

The expected exponential decay in the error is observed [21, 22, 23], validating the numerical
method. To verify the predictive capabilities, we compare to experiments with textured disks.

Textured Disk Modeling
In our previously measured experimental results for a surface textured thrust bearing [29],
the surface textures are cylindrical holes cut at an angle β, which creates an elliptical top profile.
We model our surface textures with an elliptical top profile, similar to the experiments. Figure 3
shows the geometric quantities used to define the surface textures; the finite inner radius is needed
so that the 1/r terms in Equation (19) do not diverge. Figure S2 shows the convergence of the
normal force as the inner radius becomes smaller, and is shown to converge when Ri<0.02 mm
(Ri/Ro<0.1%). The geometric values for all the simulated textures are given in Table 1. Examples
of the simulated texture surfaces are given in Figure 5.
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Figure S2: Convergence of the normal force as a function of Ri. The normal force has converged
to within 0.025% when Ri< 0.02 mm.

Results for Textured Disks
Pressure and velocity fields were obtained for all the different surface textures tested.
Figure S3 is velocity and pressure fields obtained for the flat plate. Figures S4-S6 are velocity and
pressure fields obtain with asymmetric textures with β=9.4°, 14°, and 21.7° respectively. Figure
S7 is velocity and pressure fields obtained with the symmetric surface texture. The flat plate and
β=9.4° and 14° all fall within the regions of applicability given in Figure 7, while β=21.7° and the
symmetric texture are outside the applicability region.
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Figure S3: Example computed fields obtained with the Reynolds equation for a flat plate with
Ω=10 rad/s at h0=269 μm, which fall within the regions of applicability given in Figure 7. These
computed fields were obtained for each texture tested with input values given in Table 2. (A)
surface texture profile, plotted as -h. (B) plot of the velocity field at z=h0/2. (C) velocity field of vr
and vz at θ=0°. (D) velocity field of vθ and vz at r=Rt. (E) computed pressure profile. (F) contour of
pressure.
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Figure S4: Example computed fields obtained with the Reynolds equation for an asymmetric
surface texture with β=9.4° and Ω=10 rad/s at h0=269 μm, which fall within the regions of
applicability given in Figure 7. These computed fields were obtained for each texture tested with
input values given in Table 2. (A) surface texture profile, plotted as -h. (B) plot of the velocity
field at z=h0/2. (C) velocity field of vr and vz at θ=0°. (D) velocity field of vθ and vz at r=Rt. (E)
computed pressure profile. (F) contour of pressure.
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Figure S5: Example computed fields obtained with the Reynolds equation for an asymmetric
surface texture with β=14° and Ω=10 rad/s at h0=269 μm, which fall within the regions of
applicability given in Figure 7. These computed fields were obtained for each texture tested with
input values given in Table 2. (A) surface texture profile, plotted as -h. (B) plot of the velocity
field at z=h0/2. (C) velocity field of vr and vz at θ=0°. (D) velocity field of vθ and vz at r=Rt. (E)
computed pressure profile. (F) contour of pressure.
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Figure S6: Example computed fields obtained with the Reynolds equation for an asymmetric
surface texture with β=21.7° and Ω=10 rad/s at h0=269 μm, which fall outside the regions of
applicability given in Figure 7. These computed fields were obtained for each texture tested with
input values given in Table 2. (A) surface texture profile, plotted as -h. (B) plot of the velocity
field at z=h0/2. (C) velocity field of vr and vz at θ=0°. (D) velocity field of vθ and vz at r=Rt. (E)
computed pressure profile. (F) contour of pressure.
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Figure S7: Example computed fields obtained with the Reynolds equation for a symmetric surface
texture with D=2 mm and Ω=10 rad/s at h0=269 μm, which fall outside the regions of applicability
given in Figure 7. These computed fields were obtained for each texture tested with input values
given in Table 2. (A) surface texture profile, plotted as -h. (B) plot of the velocity field at z=h0/2.
(C) velocity field of vr and vz at θ=0°. (D) velocity field of vθ and vz at r=Rt. (E) computed pressure
profile. (F) contour of pressure.
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Figure S8 shows the fully textured disk with β=5.3°, similar to those tested experimentally.
Figure S9 shows the pressure profile for the fully textured disk with β=5.3°; the maximum value
of the pressure is seen at the texture locations, and the pressure is periodic. Figure S10 shows the
shear stress at the moving surface for a fully textured disk with β=5.3°; the shear stress inside the
textured region is lower than in the surrounding non-textured region, resulting in an effectively
smaller sliding force on the moving surface.

Figure S8: Fully textured disk profile with asymmetric angle β=5.3°. The textured surface is
periodic, and matches experimentally tested disks.
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Figure S9: Pressure profile for fully textured surface with asymmetric angle β=5.3°. The pressure
profile is periodic, and the maximum value of the pressure occurs at the location of the surface
textures.
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Figure S10: Shear stress profile for fully textured surface with asymmetric angle β=5.3° at the
moving flat surface. The shear stress profile is periodic, and the shear stress is lowered inside the
textured region (compared to that of a flat disk), effectively decreasing the sliding force on the
moving plate.
Figure S11 shows the numerical torque obtained as a function of angular velocity Ω for
different angles of asymmetry β at a given gap height h0=269 μm. A monotonic trend is seen that
when β is increased, the torque for a given Ω decreases, and the smallest torque value occurs at the
largest β.

23

Figure S11: Numerical torque values obtain from simulations at different angular velocities Ω for
different angles of asymmetry β. The results show a monotonic trend that increasing β decreases
the torque measured at a given Ω.

Figure S12 shows numerical normal force values obtained as a function of angular velocity
Ω for different angles of asymmetry β at a given gap height h0=269 μm. A non-monotonic trend is
observed where increasing β from 0° to 5.3° causes an increase in the normal force for a given Ω,
but when β increases beyond 5.3°, the normal force decreases for a given Ω.
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Figure S12: Numerical normal force values obtain from simulations at different angular velocities
Ω for different angles of asymmetry β. The results show a non-monotonic trend where increasing
β increases the normal force at a given Ω between β=0° and β=5.3°, but for β>5.3° the normal
force decreases as β increases.

Figure S13 shows numerical friction coefficient values obtained as a function of angular
velocity Ω for different angles of asymmetry β at a given gap height h0=269 μm. A non-monotonic
trend is observed where increasing β from 0° to 5.3° causes a decrease in the friction coefficient
(independent of Ω), but when β increases beyond 5.3°, the friction coefficient increases
(independent of Ω). The independence with respect to angular velocity occurs because both the
torque and normal force depend linearly on Ω, which cancels out when taking the ratio use to
define the friction coefficient.
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Figure S13: Numerical friction coefficient (ratio of shear and normal load) obtained from
simulations at different angular velocities Ω for different angles of asymmetry β. The results show
a non-monotonic trend where increasing β decreases the friction coefficient (independent of Ω)
between β=0° and β=5.3°, but after this point the friction coefficient increases as β increases
(independent of Ω). The friction coefficient is independent of velocity since pressure and stresses
all scale linearly with velocity for this low Reynolds number viscous flow (without cavitation).
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