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ABSTRACT
Rheological material properties are high-dimensional

function-valued quantities, such as frequency-dependent vis-

coelastic moduli or non-Newtonian shear viscosity. Here we

describe a process to model and optimize design targets for such

rheological material functions. For linear viscoelastic systems,

we demonstrate that one can avoid specific a priori assumptions

of spring-dashpot topology by writing governing equations in

terms of a time-dependent relaxation modulus function. Our

approach embraces rheological design freedom, connecting

system-level performance to optimal material functions that

transcend specific material classes or structure. This technique

is therefore material agnostic, applying to any material class

including polymers, colloids, metals, composites, or any rhe-

ologically complex material. These early-stage design targets

allow for broadly creative ideation of possible material solutions,

which can then be used for either material-specific selection or

later-stage design of novel materials.

1 Introduction
Engineers most commonly design with hard materials or

simple fluids, but the advantages of soft material design are

widely demonstrated by biological systems, in which nonlinear

viscoelastic properties are exploited for functionality. For ex-

ample, strain-stiffening of artery walls enables stability to in-

flation over a range of pressures [1] and the dramatic viscous

shear-thinning of snail pedal mucus (the biopolymer gel slime

trail) enables wall-climbing adhesive locomotion [2]. Such non-

linear rheology has been used to design a wall-climbing robot

(Robosnail) [3, 4], but rheologically complex materials are not a

standard part of the engineering design toolbox.

We see two main challenges that have inhibited engineers

from using nonlinear viscoelastic materials to achieve design

functionality. First, the complexity of viscoelastic materials is a

major challenge for systematic design. Even the simplest mate-

rial properties are functions, not constants. Second, when design

efforts do involve soft materials, the work is often focused on a

specific material class (polymers, colloids, etc.). This focus is ex-

tremely important for rational design of material systems, and is

a (later stage) component of the overall design process (Figure 1).

However, focusing only on a specific material class limits the

creative design space, since various material classes might give

the same rheological functionality desired. This idea is central

to the early-stage of the design process (Figure 1), where a tar-

get specification (functionality) should be stated in a way that is

independent of the various concepts (material formulations) that

may achieve it. As outlined by Cussler and Moggridge [5], “it is

the [functionality] - not the molecule that produces the [function-

ality] - that is important.” For example, viscoelastic functionality

may come from polymers, colloids, and many other forms of

structured soft materials. An early stage material-agnostic ap-

proach places fewer structural restrictions on the design space,

and may help avoid design fixation [6].

Here we develop a design process that is material-agnostic

during the early stages of optimal target setting, and material-

specific during concept generation and selection (Figure 1). This

brings a system-level perspecive to an area otherwise focused on
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Figure 1: Different stages of the product design process that can be applied to rheologically-complex materials (design process adapted

from Ulrich and Eppinger [7]).

material-class-specific research. The hierarchy in our problem

separately connects functional performance to rheological prop-

erties and rheological properties to material formulation. Such

hierarchical problems can be tackled efficiently using optimiza-

tion techniques such as analytical target cascading (ATC) [8, 9]

or inductive design exploration methods [10].

In this work we outline a modeling methodology for using

material functions as system-level variables at varying levels of

material specificity and deformation complexity. We then use

optimization methods to solve rheological material target prob-

lems at varying levels of design freedom. These general tools

and methodologies will be broadly applicable to design involv-

ing rheologically complex soft materials. We demonstrate the

utility of the new tools and methodologies with an example of

viscoealstic vibration attenuation.

2 Background
2.1 Rheological material functions are not necessar-

ily constitutive equations
Rheological properties are distinct from many other material

properties because they are function-valued quantities, e.g. tran-

sient shear viscosity η+(t, γ̇) which depends on both shear rate

amplitude γ̇ and time t. Because they are function-valued, rheo-

logical properties are known as material functions. True material

functions are defined independently from any constitutive model,

and can be applied to any material. These descriptive measures

include linear viscoelastic moduli G′(ω) and G′′(ω), transient

shear viscosity η+(t, γ̇), and many other measures [11].

Material functions underlie our understanding of rheology,

forming the universal language for describing rheological mate-

rial responses. This language is the starting point to describe in-

tensive material responses to various loading conditions, but they

are not, in general, predictive models in themselves. Descriptive

material functions are used for conceptually understanding mate-

rial responses, for connecting and inferring the composition and

microstructure of a material, and serve as a conceptual starting

point for developing and testing constitutive equations that can

predict material responses under more complex deformations.

We hypothesize that there exists a large class of modeling

scenarios for which equivalence can be made between mate-

rial functions and model parameters, enabling design freedom

in terms of material functions. This would enable design targets

to be set in the universal language of material functions, inde-

pendent of constitutive model or material type. These targets

would then be used to generate a wide range of concepts for dif-

ferent material classes that could achieve the desired rheological

functionality. We describe scenarios for this correspondence in

Section 3.

2.2 Functionality-driven design process
Prior work exists in the realm of functionality-driven vis-

coelastic material design. Some work involves the design of

viscoelastic passive dampers, but without frequency dependence

[12], and therefore limited design freedom. Viscoelasticity is

in general time (or frequency) dependent. Time-dependent vis-

coelastic material design has been considered by Hilton [13–15].

These works consider integral constitutive models of linear vis-

coelastic behavior, at times involving both time-varying and

spatially-varying properties. Viscoelastic functions are quanti-

tatively described by a superposition of exponentials, rather than

arbitrary functions. This can limit the design freedom, since this

structural form cannot include a delta function (instantaneous

damping) and the series representation may require a large num-

ber of parameters to describe analytically simple relaxation func-

tions such as power-law relaxation. Mathematical models are

discussed in [13–15], but numerical optimization routines are not

implemented.

3 A Modeling Methodology
Our focus in this work lies in the early stages of the design

process (Figure 1). At present, there is no systematic approach

to modeling directly with material functions, i.e. modeling with

material-agnostic function-valued quantities that can universally

describe any material class. Starting from the highest abstrac-

tion (and design freedom), here we seek a methodology to model

rheological elements in terms of (i) arbitrary force trajectories,
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(ii) material functions with arbitrary functional form, (iii) mate-

rial functions with specified analytical forms, and (iv) specific

constitutive models. At the highest level we will replace rheo-

logical elements with arbitrary force trajectories. This embodies

the most design freedom, and may give insight about optimal

targets, since such force trajectories can be optimized [16, 17].

After gaining this insight, more specificity must be considered to

connect to rheological materials and this coincides with the later

stages in the design process (Figure 1).

To allow for comparison of different material classes, early-

stage rheological design targets would be ideally represented in

terms of material properties (material functions). In the most

general case, a specific constitutive model must be chosen to

predict a nonlinear rheological response to nonhomogeneous de-

formation fields with complex time history (e.g., turbulent pipe

flow). When and if a specific constitutive model must be chosen,

then design freedom is fundamentally limited, since any particu-

lar constitutive equation does not apply across all material classes

(polymers, colloids, composites, etc.)

To make such modeling efforts possible with material func-

tions, the viscoelastic deformation in the system must either

(i) match the deformation/loading protocol of a material func-

tion, or (ii) be linear viscoelastic. The first case requires that

the deformation can be suitably approximated as either purely

simple-shear or shear-free (extensional) flow, in which the time-

dependent history matches that used for defining rheological ma-

terial functions [11, 18]. These time-histories include step-rate

startup flows, step-strain deformation, step-stress loading, oscil-

latory (vibratory) deformation, and steady-state flow.

The second case (our focus here) applies for any linear vis-

coelastic deformation, with any complex time-dependent history.

Linear viscoelastic responses are described by experimentally

measurable material functions that depend only on a timescale,

e.g., the shear relaxation modulus G(t). In this special regime,

this material function is equivalent to a constitutive model param-

eter, and therefore applicable to any three-dimensional deforma-

tion history. For example, the Boltzmann superposition integral

uses the same function G(t), in tensorial form:

σ(t) =
∫ t

−∞
G(t − t ′)γ̇(t ′)dt ′, (1)

where σ(t) is the stress tensor, and the strain-rate tensor is

γ̇ = ∇ v+(∇ v)T, (2)

where v is the velocity field. Equation (1) is limited to small

deformation in the linear viscoelastic regime for incompressible

materials, but applies for any linear viscoelastic material (poly-

mer, colloid, gel, composite, etc.). The convolution integral of

Eqn. (1) presents a challenge to optimizing the functional form

of G(t). In particular, governing equations such as conservation

of momentum cannot be written as instantaneous functions of

state variables, and this cannot be written in linear algebra ma-

trix form. Instead, an integral over all past time is required.

The kernel function G(t) is the most general design variable

for linear viscoelastic materials (or alternatively creep compli-

ance J(t)). A time-dependent Poisson ratio may also be consid-

ered, but we do not consider this additional degree of freedom

here. In this work we consider incompressible materials, which

are typically good approximations of soft or solvent-based vis-

coelastic materials such as elastomers, polymer melts, polymer

solutions, and colloidal solutions, although hard materials and

some foams are compressible, even with negative Poisson ra-

tio [19].

In this work we will also consider 1-dimensional deforma-

tion, where Eqn. (1) reduces to a single scalar equation, rather

than a tensor equation. We also make an analogy from inten-

sive material properties (stress, strain-rate, modulus), to exten-

sive properties (force, velocity, and stiffness) for application to

viscoelastic structures. By analogy to Eqn. (1), the 1-D extensive

expression for the force from a generalized viscoelastic structural

element is

FV E(t) =
∫ t

−∞
G(t − t ′)ẋ(t ′)dt ′., (3)

where ẋ is the velocity experienced by the element (dimensions

ẋ=̇[LT-1]) and G(t − t ′)=̇[FL-1] ). With a change of variable s =
t − t ′ this becomes

FV E(t) =
∫ ∞

0
G(s)ẋ(t − s)ds. (4)

3.1 Linear viscoelastic design can involve only one
function

The relaxation modulus G(t) in Eqn. (1) is an independent

design parameter (a single-valued function). An alternative de-

sign parameter for linear viscoelasticity is the creep compliance

J(t), and an equation analogous to Eqn. (1) could be written in

terms of the stress history σ(t ′). The functions G(t) and J(t) are

interrelated, and therefore not independent design functions. All

of the linear viscoelastic material functions are interrelated [20],

and therefore only one single-valued function can be specified in

the design.

Importantly, some common linear viscoelastic material

functions cannot be treated as independent design variables for

modeling. In particular, this includes the dynamic oscillatory

material functions. For example, the viscoelastic moduli G′(ω)
and G′′(ω) conceptually represent the elastic and viscous stress

response, respectively, to imposed oscillatory deformation. For

a viscoelastic fluid (with stress relaxing to zero at infinite time)

these functions are directly related to G(t) as

G′(ω) = ω
∫ ∞

0
G(s)sin(ωs)ds (5)

G′′(ω) = ω
∫ ∞

0
G(s)cos(ωs)ds. (6)

Since each function is related to G(t), the two functions cannot
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Figure 2: Design of optimal viscoelastic damping with either

(a) the typical approach of a specific topological arrangement

of springs and dashpots, or (b) a generalized linear viscoelas-

tic element with relaxation modulus G(s). The second approach

increases design freedom and identifies more optimal design tar-

gets.

be independent. The interrelations are given by the Kramers-

Kronig relations, shown most easily in terms of dynamic vis-

cosities η′ and η′′ [18]

η′′(ω) =
2ω
π

∫ ∞

0

η′(x)
ω2 − x2

dx (7)

η′(ω)−η′(∞) =
2

π

∫ ∞

0

xη′′(x)
x2 −ω2

dx (8)

where

η′′(ω) = G′(ω)/ω (9)

η′(ω) = G′′(ω)/ω. (10)

Since dynamic moduli must satisfy the Kramers-Kronig re-

lation, they are not independent design variables. This is true for

any in-phase and out-of-phase dynamic material functions, in-

cluding moduli G′ and G′′, viscosities η′ and η′′, compliances J′
and J′′, and fluidities φ′ and φ′′. The interdependence also limits

the separate specification of frequency-dependent magnitude and

phase angle.

3.2 Numerical optimization of G(t)
Any topological arrangement of springs and dashpots can

be represented by a relaxation modulus such as G(t). We wish to

consider arbitrary functional forms of G(t), and to integrate this

into governing equations for dynamical systems involving de-

signer viscoelastic materials or structures. Two features of G(t)
present numerical challenges that can be solved be restructur-

ing this kernel function. The first challenge is the possibility of

a superposed delta function (representing a dashpot in parallel),

and the second is the possibility of a superposed constant (repre-

senting a spring in parallel). These are challenges to numerical

optimization routines that must take numerical integrals of an ar-

bitrary function G(t), Eqn. (1).

These numerical issues are resolved by representing the gen-

eral viscoelastic kernel function as

G(s) = G∞ +η0δ(s)+GV EF(s) (11)

where G∞ is the parallel spring constant, η0 is the parallel

dashpot coefficient, and GV EF(t) is for a general ViscoElastic

Fluid (VEF), that excludes an instantaneous viscous response

(delta function), and decays to zero at long times,

lim
s→0

GV EF(s) = 0. (12)

The numerical optimization parameters are then G∞, η0, and the

function GV EF(s).

4 Example Problem: Dynamic Vibration Absorber
In many applications engineers seek to reduce mechanical

vibration arising from rotating equipment, vortex shedding, or

other sources of cyclic force input. Increasing mechanical rigid-

ity is one approach for reducing vibration amplitude, but often is

an unnecessarily expensive option. Passive vibration absorbers

are a simple and inexpensive alternative solution for many appli-

cations.

Consider the model of a mechanical system in Fig. 2a. The

primary system is represented by a mass (m1) supported by a stiff

spring (k1). A cyclic force F1(t) applied to m1 induces vibration

in the system.

Vibrations can be damped by connecting a secondary mass

m2. The standard design problem might assume a simple com-

bination of spring and dashpot in parallel (a Kelvin-Voigt vis-

coelastic model), as in Fig. 2a. With this specific topology of

spring and dashpot, the two viscoelastic design variables are k2

and c2.

The viscoelastic connection can be generalized as (i) an

arbitrary force trajectory for the connection, (ii) frequency-

dependent spring and dashpot in parallel, or (iii) a general-

ized time (frequency) dependent linear viscoelastic element as

in Fig. 2b, with the material function G(s). We consider all three

cases.
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Figure 3: Response of system in Fig. 2a with μ= 0 (no absorber),

or μ = 0.25 with β = 1.

4.1 Preliminaries
Fig. 3a illustrates the primary system vibration response

over a range of frequencies. Here the abscissa is the ratio of

the forcing frequency ω (assuming F(t) = F0 sin(ωt)) to the nat-

ural frequency of the primary system ω1 =
√

k1/m1. The solid

line shows how the non-dimensional amplitude of the primary

system (i.e., x̂1 =
x1k1
F0

) with no absorber varies with forcing fre-

quency. As we approach resonance (ω/ω1 = 1), x̂1 approaches

infinity. Increasing k1 reduces the amplitude of x1, but this re-

quires more costly construction and does not eliminate resonant

behavior. Alternatively, adding a vibration absorber to the pri-

mary system can reduce vibration amplitude significantly at low

cost. One simple option for an absorber is to add a secondary

sprung mass to the primary system, as shown in Fig. 2a. If m2 is

connected to m1 via a parallel spring (k2) and damper (c2), as in

Fig. 2a. A linear model for the complete system is:

Mẍ+Cẋ+Kx = F, (13)

where M =

[
m1 0

0 m2

]
is the mass matrix, C =

[
c2 −c2

−c2 c2

]
is

the damping matrix, K =

[
k1 + k2 −k2

−k2 k2

]
is the stiffness matrix,

F = [F0 sinωt,0]T is the force vector, and x = [x1,x2]
T are the

position trajectories of m1 and m2. The analytical solution for

the dimensionless amplitude of x1 is:

x̂1 =

√
(2ζr)2 +(r2 −β2)2

(2ζr)2(r2 −1+μr2)2 +(μr2β2 − (r2 −1)(r2 −β2))2

(14)

where μ = m2
m1

is the mass ratio, β = ω2
ω1

=
√

k2m1
k1m2

is the natural

frequency ratio, ζ = c2
2m2ω1

is the damping ratio, and r = ω
ω1

is the

frequency ratio [21].

We can tune an undamped (c2 = ζ = 0) vibration absorber

such that it eliminates vibration at r = 1 (i.e., resonance of the

primary system). From Eqn. (14) we can see that x̂1 = 0 at r = 1

if ζ = 0 and r = β, or equivalently ω1 = ω2. This behavior is

shown in Fig. 3a (dashed line), but amplitude increases signifi-

cantly when r deviates from 1. This simple undamped absorber

is only effective over a narrow frequency band. In many realis-

tic conditions the actual vibration frequency varies over a wide

range, motivating a different design that is more robust to fre-

quency variations. Adding damping reduces amplitude at off-

design frequencies, but increases the amplitude near r = 1, il-

lustrated by the · · · and − · − curves in Fig. 3a. Thus, there is

an inherent tradeoff in absorber design between amplitude mini-

mization and robustness.

Stiffness and damping can be optimized together to mini-

mize vibration amplitude over a range of frequencies. The solid

line in Fig. 3b illustrates the frequency response that results

when we minimize the maximum value of x̂1 over the range

0.5 ≤ r ≤ 1.5 with respect to β and ζ (μ held fixed at 0.25).

Robustness is improved over the damped absorber responses in

Fig. 3a, but the maximum amplitude is still significant. Near

r = 1 the tuned undamped absorber (dashed line in Figs. 3a and

d) has much better response.

4.2 Arbitrary force-trajectory connection
Suppose for a moment that we could design an absorber

where we make no assumptions regarding the nature of the con-

nection between m1 and m2, i.e., our idealized vibration absorber

is capable of supplying an arbitrary force F2(t) between m1 and

m2. If the objective is to minimize x̂1 across a frequency range,

choosing F2(t) = −F1(t) for any given frequency will result in

x̂1 = 0. This analytical result was used for numerical validation

by minimizing x̂1 with respect to an arbitrary trajectory F2(t)
using direct transcription (DT), an open-loop optimal control

method based on nonlinear programming that is capable of solv-

ing for arbitrary force trajectories in more complicated systems

without an analytical solution [16,22]. Implementing an absorber

based on an optimal force trajectory might be possible using an

active control system and a suitable actuator (e.g., [23, 24]), but

this is a complicated and energy-intensive solution. Might it be

possible to achieve the same result with a passive system? We

posit that studying optimal arbitrary force trajectories can pro-

vide a basis for creative exploration of physically realizable de-

sign solutions.

Let us take one step closer to reality by exploring ab-

sorbers with a parallel spring-damper topology (Fig. 2a). From

Eqn. (14), we can see that if ζ = 0 and r = β, the response ampli-

tude will be zero. We already observed from the tuned undamped

absorber that if ω1 = ω2, the response will be zero at r = 1, but is

non-zero if r �= 1. If r = 1, then ω1 = ω2 implies that r = β for an

undamped system. But what about other frequencies? What kind

of system would produce a zero response at any frequency? The

optimal force trajectory F2(t) =−F1(t) implies that the absorber

needs to oscillate at the same frequency as the input force. This

can be realized if the natural frequency of the absorber ω2 can

5 Copyright © 2013 by ASME



be adjusted to match the input ω, which agrees with the above

requirement that ζ = 0 and r = β.

An optimal passive absorber needs a natural frequency that

can vary with the forcing frequency, and has zero damping. Vary-

ing m2 in real time is impractical, so that leaves us with develop-

ing an absorber system with variable stiffness.

4.3 Frequency-dependent spring and dashpot in par-
allel

Fortunately, materials do exist with stiffness that varies with

frequency. We take one more step toward reality by considering

an absorber with parallel spring/damper topology where stiffness

and damping can vary arbitrarily with frequency. If we seek to

minimize x̂1 across some range of forcing frequencies with re-

spect to arbitrary (non-dimensional) stiffness and damping func-

tions (β(r) and ζ(r), respectively), as expected we discover that

β(r) = r, ζ(r) is driven to zero, and x̂1 = 0 for any value of r.

If we look at this relationship using dimensional terms, β= r
is equivalent to k2 = m2ω2. We need an absorber material whose

stiffness increases quadratically with frequency. Some viscoelas-

tic materials do follow a power law relationship with frequency,

inspiring another step toward a realistic physical model that still

results in minimal primary system vibration.

β(r) = β0rn (15)

ζ(r) = ζ0rn (16)

Both functions are now parameterized by three constants:

the coefficients β0 and ζ0, and the exponent n. β(r) and ζ(r) are

no longer arbitrary; they are coupled through n and can take on

only limited shapes, but a significant amount of design freedom

is still provided. The optimal response using this first power law

model is shown in Fig. 4a (dashed line). The amplitude is zero for

every frequency in the range displayed, the best possible result.

The dashed line in Fig. 4b shows that the requirement β(r) =
r is satisfied, i.e., n = 1. Setting n = 1 enables ideal stiffness

properties, but constrains the slope of ζ(r), shown by the dashed

line in Fig. 4c. Damping is very small, but not quite zero due to

numerical limitations, so x̂1 is only approximately zero.

This exercise helped us discover what properties an ideal

viscoelastic structure (or material) must have to provide optimal

absorber performance. It considered only the specific topological

arrangement of a spring and dashpot in parallel (i.e. a Kelvin-

Voigt topology), but allowed for frequency-dependence uncon-

strained by the Kramers-Kronig relation [Eqn. (7)–(8)]. We can

represent viscoelastic structures and materials more realistically,

yet generally, by using a relaxation modulus kernel function,

G(s), which we consider in the next section.

4.4 Generalized viscoelastic connection G(s)
The Boltzmann constitutive equation can represent any ar-

bitrary topological arrangement of springs and dashpots. We

will consider the 1-D mechanical force version of this expres-

sion, Eqn. (4). In this case the design variable is a single-valued

function G(s).
Given an initial condition Fve(t = 0) = 0, Eqn. (4) has limits

of integration from 0 to t. In general, the expression requires con-

volution of the kernel function G(s) with the entire time-history

of the velocity experienced by the element, ẋ(t).
For the particular system in Fig. 2b, with generalized vis-

coelastic damping and the initial condition Fve(t = 0) = 0, the

governing equations for conservation of linear momentum are

most generally written as

−
∫ t

0
G(s) [ẋ1(t − s)− ẋ2(t − s)]ds+m2ẍ2(t) = 0 (17)

for m1, and for m2∫ t

0
G(s) [ẋ1(t − s)− ẋ2(t − s)]ds+ k1x1(t)+m1ẍ1(t) = F0 sinωt.

(18)

The convolution integral structure has two important con-

sequences. First, the equations cannot be written in matrix

form. Second, the numerical simulation of this model requires

increased computation at each time step, since each step requires

an integration of the entire prior time-history of velocities.

The particular situation here can be simplified by consid-

ering time-periodic limit cycle behavior, when the system has

reached an alternance state. For this linear system with sinu-

soidal forcing F1(t) = F0sinωt, the steady-state displacement re-

sponse of x1(t) and x2(t) will be time-periodic at the forcing fre-

quency [21]. The known structure of this harmonic solution will

simplify the convolution integral terms, to an extent that we can
write the governing equations as a function of instantaneous state

variables. We will see that integral calculations of G(s) terms are

not required at each time step.

Using complex notation, the displacements of the masses

have the form

x1(t) = Im
{

x∗1eiωt} (19)

x2(t) = Im
{

x∗2eiωt} (20)

where Im{} takes the imaginary portion of the complex quantity.

The coefficients are

x∗1 = x1R + ix1i (21)

x∗2 = x2R + ix2i (22)

This assumed structural form will remove the convolution inte-

gral.

By substituting Eqns. (19)–(22) into Eqns. (17)–(18), a lin-

ear system of four equations and four unknowns will result. The

system of equations takes the form

Ax = B. (23)

The unknowns are

x = [x1R,x1i,x2R,x2i]
T. (24)
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Figure 4: Optimal responses from power-law spring and dashpot arranged in parallel (Kelvin-Voigt type model), with no restriction on

the power law exponent.

The nonhomogeneous portion is

B = [F0,0,0,0]
T (25)

and the 4 by 4 matrix is given by A =⎡
⎢⎢⎣
(
ωS+ k2 + k1 −m1ω2

)
(−ωC−ωc2) (−ωS− k2) (ωC+ωc2)

(−ωC−ωc2)
(−ωS− k2 − k1 +m1ω2

)
(ωC+ωc2) (ωS+ k2)

(−ωS− k2) (ωC+ωc2)
(
ωS+ k2 −m2ω2

)
(−ωC−ωc2)

(−ωC−ωc2) (−ωS− k2) (ωC+ωc2)
(
ωS+ k2 −m2ω2

)
⎤
⎥⎥⎦

(26)

The scalar coefficients C and S require integral calculations

that depend on the kernel function G(s),

C(ω) =
∫ ∞

0
G(s)cos(ωs)ds (27)

S(ω) =
∫ ∞

0
G(s)sin(ωs)ds. (28)

Comparing this result to Eqn. (5) and Eqn. (6) shows that these

integrals are related to the dynamic material function as

C = G′′(ω)/ω = η′(ω) (29)

S = G′(ω)/ω = η′′(ω). (30)

The primary design variable is still G(s), since it gives the rheo-

logical signature of both dynamic moduli, and the dynamic mod-

uli are not independent parameters due to the Kramers-Kronig

relations in Eqs. (7)–(8).

Eqns. (23)–(28) are used to model the system of Fig. 2b,

and to optimize the response of x∗1 in terms of the kernel function

G(s). The function G(s) could be treated as a function of un-

known structure, or a vector with specified point density where

each value is independent of the others. Passive materials and

systems would require a monotonically decreasing G(s), but ac-

tive systems (such as actuators or active biological materials)

could be more complex. An arbitrary structure would also re-

quire numerical integration of Eqns. (27)–(28).

Here we parameterize the G(s) curve with a finite number

of parameters, and consider specific models for G(s). From

Eqn. (12), we will always include the scalar design parameters

G∞ and η0; we then only need to consider the structural form

of GV EF(s). We first consider the Kelvin-Voigt parameters only,

equivalent to the standard problem as shown in Fig. 2a. This is

defined by

GV EF(s) = 0. (31)

For this model, the dynamic moduli are simply given by

G′(ω) = G∞ (32)

G′′(ω) = η0ω. (33)

We also consider a generalized (multi-mode) Maxwell

model, also known as a Prony series. This is defined by

GV EF(s) =
N

∑
k=1

Gke−t/λk . (34)

Here will consider the cases of (N = 1,3,5) in order to limit the

optimization routine to a finite number of parameters (10 total

parameters with N = 5). For this form, the total dynamic moduli

are

G′(ω) = G∞ +
N

∑
k=1

Gk
(λkω)2

1+(λkω)2
(35)

G′′(ω) = η0ω+
N

∑
k=1

Gk
λkω

1+(λkω)2
. (36)

Using a generalized Maxwell model, a very large number of pa-

rameters may be required to describe some functional forms of

GV EF(s), such as power laws. Yet, power-law rheology is an im-

portant signature, seen in materials near a gel point [25, 26], and

active biological materials such as cells [27]. In order to consider

this broader design space, but with a small number of parameters,

we will consider the critical gel model described by

GV EF(s) = St−n (37)

where S is the gel strength parameter and n is the power-law co-

efficient. The exponent is typically n ≈ 1/2, but more generally

7 Copyright © 2013 by ASME



is restricted to the range 0 < n < 1. This bound on n prevents

us from achieving the ideal stiffness relationship of k2 = m2ω2.

The total dynamic moduli for the critical gel structural form are

given by

G′(ω) = G∞ +G′
CG(ω) (38)

G′′(ω) = η0ω+G′′
CG(ω) (39)

The critical gel dynamic moduli are given by [25, 26, 28]:

G′
CG(ω) =

G′′
CG(ω)

tan
(
n π

2

) = Γ(1−n)cos
(nπ

2

)
Sωn (40)

where Γ(·) is the Gamma function. The first equality of Eqn. (40)

links stiffness and damping, further constraining viscoelastic

properties differently than assumed in the previous section. Note

that G′′(ω) and G′(ω) have equal slope for a given n (i.e., the

modulus lines are parallel).
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Max(X

1
)                                                 

3.0096      (i)   Kelvin-Voigt only (K-V)     
3.0098      (ii)  Maxwell (N=1)                      
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2.8201      (iv) Multi Mode Maxwell (N=3)  
2.8185      (v)  Multi Mode Maxwell (N=5) 
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Figure 5: Optimized dimensionless kernel functions Ĝ(s) ≡
G(s)/k1 for a structural viscoelastic connection with different

functional forms of GV EF(s) (Figure 2b with μ = 0.25). Except

for (iii) Critical Gel, all models contain a delta function at s = 0

corresponding to a dashpot in parallel.

We optimized the different forms of the kernel function in

order to minimize the peak amplitude of x1(ω) across the range

of frequency ω. Optimization is performed using the MATLAB
TM

optimization toolbox with the function ‘fmincon’. The results

for the optimal viscoelastic kernel functions are presented in di-

mensionless form and are shown in Table 1. Using the primary

Model x1�Max( ) [-] G∞
� [-] �0� [-] VEF parameters [-]

Kelvin-Voigt 3.0096 0.16 0.1102 - -

Maxwell (N=1) 3.0098 0.1599 0.1099 1� 0.0013� = 1
� 0.00004� =

Multimode Maxwell 
(N=3) 2.8201 0.1136 0.0005

1

2

3

� 0.001
� 0.1305
� 0.1405

�

�

�

=
=
=

    
1

2

3

� 0.00035
� 0.6769
� 767.0082

�

�

�

=

=

=

Multimode Maxwell 
(N=5) 2.8185 0.1134 0.0005

1

2

3

4

5

� 0.00001
� 0.0025
� 0.0847
� 0.1290
� 0.4784

�

�

�

�

�

=
=
=
=
=

1

2

3

4

5

� 0.0156
� 0.6716
� 850.9421
� 0.6747
� 20216.22

�

�

�

�

�

=

=

=

=

=

Critical Gel 2.8736 0.0312 0 S=0.1119 n=0.4030

Table 1: Optimized parameters for kernel functions G(s) for dif-

ferent functional forms of GV EF(s).

spring stifffness k1 and natural frequency of the primary system

ω1 =
√

k1
ω1

, we define a dimensionless moduli Ĝ(s) ≡ G(s)/k1

and dimensionless timescales t̂ ≡ tω1 and λ̂ ≡ λω1. The nondi-

mensional amplitude of the primary system remains x̂1 ≡ x1k1
F0

and a nondimensional damper viscosity can be defined as η̂0 ≡
η0ω1

k1
. Fig. 5 shows the full form Ĝ(s) from Eqn. (12), which

includes the parameters Ĝ∞ and η̂0. The parameter η̂0 would ap-

pear as a delta function in Ĝ(s) at s = 0, which cannot be shown

in Fig. 5. The effect of η0 can be easily shown with a plot of

dynamic moduli, with the signature G′′(ω) ∼ η0ω. The dimen-

sionless dynamic structural moduli corresponding to the optimial

Ĝ(s) kernel functions are given in Fig. 6.

The maximum amplitudes are shown in Table 1. The peak

amplitude decreases by considering more general viscoelastic

structures compared to the Kelvin-Voigt structure. Surprisingly,

adding a single-mode Maxwell model, with two extra design pa-

rameters, offers no improvement. This similarity is evident in

the overlapping forms of the optimum kernel functions for these

two models. The additional Maxwell element, at optimal condi-

tions, is simply an additional dashpot (or an additional spring as

we observed in some optimization runs), but the total structure is

effectively the same as the optimal Kelvin-Voigt parameters.

The critical gel model improves the performance, with

power-law coefficient n = 0.4030. For the critical gel model

we find η0 = 0 an optimal value, and a finite but comparatively

smaller value for G∞.

We find additional performance enhancement with more de-

grees of freedom for shaping the stress relaxation function G(s),
by using a multi-mode Maxwell model. The optimial peak am-

plitude of x̂1 is the same for N = 3 and N = 5. With an increasing

8 Copyright © 2013 by ASME



10-2 10-1 100 101 102
10-3
10-2
10-1
100
101

G
'' 

 [-
]

r=���
1
   [-]

Viscous modulus
(structural)

10-2 10-1 100 101 102
10-3
10-2
10-1
100
101

Elastic modulus
(structural)

G
'  

 [-
]

r=���
�
   [-]

Max(X
1
)                                                 

3.0096      (i)   Kelvin-Voigt only (K-V)     
3.0098      (ii)  Maxwell (N=1)                     
2.8736      (iii) Critical Gel (C.G.)               
2.8201      (iv) Multi Mode Maxwell (N=3) 
2.8185      (v)  Multi Mode Maxwell (N=5) 

Moduli from optimal kernel functions 

Figure 6: Structural dynamic moduli from the optimized kernel functions of Fig. 5.

number of parameters the optimization tasks become increas-

ingly complex, and more robust optimization routines will be

needed.

In this example we find that the most ideal rheological de-

sign target involves time-dependent viscoelastic behavior, specif-

ically for a multi-mode Maxwell element (N = 3 or N = 5) in

parallel with a Kelvin-Voigt element (spring and dashpot in par-

allel). The response is also improved with a critical gel model,

suggesting that critical gel materials could be very useful in vi-

brational damping, and perhaps of increasing benefit in more

complex systems with force inputs at multiple frequencies.

These results could not be identified by simply representing

viscoelastic damping as a fixed amplitude and phase across the

range of frequency. In fact, such a statement could potentially

violate the Kramers-Kronig relations of Eqns. (7)–(8). For the

simple geometry and forcing input of Fig. 2, the generalized vis-

coelastic conditions are modest improvements to the optimized

Kelvin-Voigt model. For more complex arrangements, unsteady

oscillations, and force inputs that superpose different frequen-

cies, viscoelastic elements can still be modeled with our method-

ology described here. In cases both simple and complex, the

early-stage target setting will provide valuable insights. Ideal de-

sign targets can be set, and when compared to currently available

materials, the targets will guide the direction of novel material

design.

5 Conclusions
In this work we have described a methodology for the early-

stage design of rheologically-complex materials. We outline cri-

teria for using rheological material functions directly in math-

ematical models. Here we have focused on the case of linear

viscoelastic deformations, for which a single function G(s) (or

its corallary function J(s)) is the design variable.

An example problem was considered with steady-state har-

monic vibration. The convolution integrals were then simplified

so that an instantaneous state-space representation could be used

for the governing equations. In general this may not be the case,

and the full convolution integrals may be needed in the simu-

lation of a linear viscoelastic system with complex deformation

history or nonhomogeneous deformation.

If deformations are too complex to use material functions,

then the only option is to directly specify a constitutive model.

One may be able to optimize the constants of a constitutive

model, but this sacrifices design freedom, since not all materials

will obey a given constitutive model, even though the material

may provide a useful rheological response.

Designers will not necessarily progress from high to low de-

sign freedom studies in a linear fashion. After exploring in detail

one material type, designers may gain some insights that moti-

vate additional studies at a higher design freedom level. We ex-

pect the process to be iterative and nonlinear, but guided by the

general modeling rules and methodology that we have initiated

here.

The methodology outlined here will help identify early-stage

design targets that are independent of material class, such as

G(s). By choosing a material function as a design target, the

rheological material designer can choose from the entire toolbox

of complex materials, including polymers, colloids, gels, com-

posites, etc. It may sometimes occur that available materials do

not achieve optimal target properties but materials with the most

promising properties can be modeled in terms of their measured

rheological material functions. Functionality driven multi-level

modeling methods such as inductive design exploration [10] will

9 Copyright © 2013 by ASME



be useful in such cases, but the challenge will be to manage

function-valued properties e.g. G(t) rather than scalar single val-

ued properties. Still, if the optimal target cannot be achieved with

available materials, the optimal target will remain a guide for any

future materials development.

We expect that linear viscoelastic design will be applica-

ble to any system in which any topological arrangement of lin-

ear springs and dashpots can be assumed, or materials are used

within the linear viscoelastic limit of deformation. Cyclic load-

ing situations are particularly amenable to these techniques, in-

cluding locomotion dynamics of robotics and prosthetics, energy

harvesting, and energy conversion, and we expect a wide range

of soft material design opportunities that will benefit from early-

stage rheological design targets.
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