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Co-Design of an Active
Suspension Using Simultaneous
Dynamic Optimization
Design of physical systems and associated control systems are coupled tasks; design
methods that manage this interaction explicitly can produce system-optimal designs,
whereas conventional sequential processes may not. Here, we explore a new technique
for combined physical and control system design (co-design) based on a simultaneous
dynamic optimization approach known as direct transcription, which transforms infinite-
dimensional control design problems into finite-dimensional nonlinear programming
problems. While direct transcription problem dimension is often large, sparse problem
structures and fine-grained parallelism (among other advantageous properties) can be
exploited to yield computationally efficient implementations. Extension of direct tran-
scription to co-design gives rise to new problem structures and new challenges. Here, we
illustrate direct transcription for co-design using a new automotive active suspension
design example developed specifically for testing co-design methods. This example builds
on prior active suspension problems by incorporating a more realistic physical design
component that includes independent design variables and a broad set of physical design
constraints, while maintaining linearity of the associated differential equations. A simul-
taneous co-design approach was implemented using direct transcription, and numerical
results were compared with conventional sequential optimization. The simultaneous opti-
mization approach achieves better performance than sequential design across a range of
design studies. The dynamics of the active system were analyzed with varied level of con-
trol authority to investigate how dynamic systems should be designed differently when
active control is introduced. [DOI: 10.1115/1.4027335]

1 Introduction

Often dynamic systems developed by engineers employ elec-
tronic control. Successful design of controlled systems is becom-
ing increasingly important as their ubiquity and complexity rises.
In conventional design processes, the physical system is designed
first, followed by control system design [1–4]. This sequential
approach does not fully account for coupling between physical ar-
tifact and control system design, and produces suboptimal results
[5,6]. More effective multidisciplinary design methods that man-
age the artifact-control coupling explicitly are being developed
and are often termed co-design methods.

Engineers often employ simulation to predict dynamic system
performance and support design decisions. Simulation can be
used with numerical optimization algorithms to aid effective ex-
ploration of design alternatives. Typically, a nested approach is
used: the optimization algorithm proposes a candidate design,
which is then tested via simulation, and the results are then used
by the optimization algorithm in finding a new candidate design.
Alternative approaches that perform simulation and optimization
simultaneously are explored here, specifically a family of methods
known as direct transcription (DT).

DT has been employed successfully for control design and pa-
rameter estimation across a wide range of applications from
chemical process design [7,8] to aerospace trajectory optimization
[9–11], to walking dynamics [12], and to epidemiology [13] but
has not yet been applied to co-design. In this article, we introduce
an extension of DT for co-design, explore the associated advan-
tages and challenges, and demonstrate this approach using a

newly developed active suspension system example. DT is dem-
onstrated to be an effective approach for co-design when account-
ing for more realistic physical system design considerations. An
initial set of studies is also performed that comprise a first step to-
ward understanding how the physical aspects of a system should
be designed differently when transitioning to actively controlled
systems.

1.1 Direct Transcription. In this section, the essential back-
ground for direct transcription, including its application to optimal
control, will be provided to facilitate an understanding of its
extension to co-design (i.e., integrated physical and control sys-
tem design). Here, it is assumed that the system to be designed
can be modeled using a system of continuous differential
equations

_n ¼ fdðnðtÞ; uðtÞ; tÞ (1)

0 ¼ faðnðtÞ; uðtÞ; tÞ (2)

0 ¼ fbðnðtFÞ; uðtFÞ; tFÞ (3)

Equation (1) defines the time derivatives of a system model,
where nðtÞ (length ns) is the vector of state variables, u(t) (length
nc) is the control input, and fdð$Þ (length ns) is the time derivative
function. Equation (2) is the algebraic or path constraint, and if
present, the model is a system of differential-algebraic equations
(DAEs) [14]. The system may also have a boundary condition
enforced at the simulation end time tF (Eq. (3)). A simulation of
the system based on these equations will produce the state vari-
able trajectories that describe the state of the system through time.
If dynamic response is important to system performance, these
state trajectories are essential for predicting system utility.

If the model consists only of Eq. (1) with initial conditions
nðt0Þ ¼ n0, it can be discretized in time solved using a numerical
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method for simulating ordinary differential equations (ODEs),
such as the first-order Runge–Kutta method (forward Euler
method)

ni ¼ ni%1 þ hifdðni%1;uðti%1Þ; ti%1Þ (4)

Here, hi¼ ti% ti%1 is the integration step size at time ti and i¼ 1,
2,…, nt is the time step index. Higher-order Runge–Kutta methods
improve accuracy for a given step size, as do implicit methods
that employ an inner iterative method to solve for ni at each time
step.

The open-loop optimal control design problem can be written
as

min
nðtÞ;uðtÞ;tF

J ¼ /ðnðtÞ;uðtÞ; tFÞ (5)

subject to Eqs. (1)–(3), where J is the response of a cost function.
This problem is called open loop because the control input is
specified directly and is independent of state, whereas in a feed-
back control system the control input depends on system state.
The cost function used here is based on a standard form used in
optimal control because of its ability to quantify the impact of
time-dependent system behavior on overall system performance.
If the primary utility of a system is to perform a task (or set of
tasks) where dynamic performance is important, this type of cost
function can capture the impact of both physical system and con-
trol system design changes on system performance.

If the cost function takes the standard form

J ¼ gð _nðtFÞ; nðtFÞ;uðtFÞ; tÞ

þ
ðtF

t0

Lð _nðtÞ; nðtÞ;uðtÞ; tÞdt (6)

it is known as a Bolza objective, where g($) is known as the termi-
nal or Mayer term, and L($) is the running cost or Lagrange term.
For example, Eq. (38) utilizes a Lagrange term to quantify han-
dling and comfort characteristics of the vehicle in the case study
presented in this article. Here, we posit that this form of objective
function can be used as a single system-wide objective function
that applies to both physical and control system design
considerations.

The final simulation time tF that appears in Eqs. (5) and (6) of-
ten is an important quantity, particularly if the cost function
involves a Mayer term that depends on the terminal state. Final
time might also be treated as a fixed parameter. When tF is an
optimization variable as in Eq. (5), and when a discretized solu-
tion implementation is used, the number of time steps can be
fixed, and the time each step hi represents is scaled according to
the value of tF.

The problem formulation given in Eq. (5) is based on open-
loop control, i.e., feedback is not utilized (control input u(t) is in-
dependent of state). One advantage of using open-loop optimal
control methods for early-stage design exploration is that the
assumption of a specific control architecture is not required, thus,
supporting the exploration of upper system performance limits.
Once a particular control architecture is selected, performance and
exploration may be restricted. Feedback control (i.e., control input
depends on observed state) can be accommodated by replacing
u(t) with control design variables xc that parametrize a feedback
control system. Time-independent parameters p can also be added
to the set of optimization variables for parameter estimation
problems

min
nðtÞ;xc;p

J ¼ /ðnðtÞ; xc;pÞ (7)

Optimal control problems may be solved using techniques based
on the calculus of variations, including classical optimal control

methods such as those for optimal linear quadratic regulators [15].
These variational or “indirect” methods take an “optimize-then-
discrete” approach, where numerical methods are employed to
solve the DAEs that arise from applying optimality conditions
[16]. The classical approach, however, requires derivation of sys-
tem Hamiltonian derivatives, so its applicability is limited. A
common alternative approach eliminates nðtÞ from the optimiza-
tion variable set by solving for state variable values using a simu-
lation nested within the optimization problem

min
xc

J ¼ /ðN; xcÞ (8)

where N is a discretized representation of the state variables (the
ith row of N is ni ¼ nðtiÞ, i¼ 1, 2,…, nt, and nt is the number of
time steps), and N is solved for using forward simulation for every
candidate control design xc. This nested approach enables use of
finite-dimensional optimization methods, such as sequential quad-
ratic programming (SQP) [17], and is implemented in commercial
software [18–20], but has limitations. Discretization and variable
step sizes yield a cost function that is not smooth or arithmetically
consistent [11], i.e., the set of arithmetic operations used to com-
pute cost changes with xc. Nonsmoothness can be managed by
increasing optimization finite difference step sizes or by using
gradient-free methods, but this approach may still suffer from nu-
merical sensitivity, particularly for highly nonlinear or stiff
dynamic systems. Numerical sensitivity can be reduced by parti-
tioning the simulation into nT time segments using a technique
know as multiple shooting (MS). Each time segment contains
multiple time steps. The state at the interfaces between time seg-
ments (Y) is controlled directly by the optimization algorithm,
and state continuity is enforced at convergence by defect con-
straints fðN;YÞ

min
xc;Y

J ¼ /ðN; xcÞ

s:t: fiðN;YÞ ¼ 0; i ¼ 1; 2;…nT % 1
(9)

Row j of Y is the state at the beginning of time segment jþ 1.
Within each time segment, the system is simulated, and defect
constraints require the state at the end of time segment j to match
the jth row of Y. To clarify, in Fig. 1, the value for n7 calculated
using simulation over time segment 1 does not match the value
for n7 specified by Y that serves as the initial conditions for the
simulation over time segment 2. The size of the gap at this inter-
face is the value of the corresponding defect constraint f1, and this
gap is driven to zero by the optimization algorithm.

Because Y is specified by the optimization algorithm, the nT

simulations are independent and can be executed using coarse-

Fig. 1 Illustration of continuity defect f1 between time seg-
ments 1 and 2 using the multiple shooting method
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grained parallel computing. Shorter simulation segments reduce
numerical sensitivity.

In the limit, as nT ! nt% 1, the simulation for each time seg-
ment collapses to a single difference equation. The set of defect
constraints replace simulation completely, and Y expands into the
full state matrix N. This is DT; the infinite-dimensional optimal
control problem is transcribed directly to a finite-dimension non-
linear programming problem

min
N;xc ;tF

J ¼ /ðN; xc; tFÞ

s:t: fiðN; xc; tFÞ ¼ 0

f̂aiðN; xc; tFÞ ¼ 0

where i ¼ 2; 3;…; nt % 1; nt

(10)

A defect constraint is defined for each time step, and path con-
straints are discretized (f̂aið$Þ). In some cases, it may be desirable
for implementation convenience to include a defect constraint
f1ð$Þ for initial conditions and allow the first row of N to represent
system state at t1 instead of t2. The differential equations from the
original optimal control problem are discretized and converted to
a system of algebraic equations. This conversion requires the use
of a collocation method, such as the trapezoidal method. This will
be explained in detail shortly. Differential equations are also con-
verted to algebraic equations via discretization when applying for-
ward simulation (e.g., a Runge–Kutta method); in the special case
of forward simulation, the resulting system of algebraic equations
can be solved using successive substitution as the solver steps
through time. In DT, the algebraic equations are instead solved
simultaneously by the optimization algorithm, enabling the use of
efficient collocation methods that do not support a forward simu-
lation solution. In other words, the defect constraints in DT are
analogous to the algebraic equations that arise when using forward
simulation, but the type of algebraic equations that can be used
with DT is much more general than with forward simulation. If
the DT defect constraints are satisfied, then the underlying physics
of the system are satisfied approximately within the accuracy of
the collocation method and the system model.

The formulation defined in Eq. (10) allows for variable tF, and
xc can be replaced easily with discretized u(t) to solve open-loop
optimal control problems. As maxðhiÞ! 0, the optimality condi-
tions for the DT problem converge to the optimality conditions
for the infinite-dimension optimal control problem given in
Eq. (5).

While the dimension of the DT problem is large (N has nt $ ns

elements), its problem structure presents important advantages. At
every optimization iteration, N is specified completely, so each of
the nt% 1 defect equations and path constraints are independent,
enabling fine-grained parallel computing. The DT problem can be
implemented such that the problem structure is nearly diagonal
(completely diagonal in some cases), enabling sparse finite differ-
ence gradient evaluations with as few as three perturbations
regardless of problem dimension [11,21]. The DT problem is
arithmetically consistent, enhancing numerical properties. Often
analytical derivatives can be derived, further improving solution
speed and accuracy. Variable step and order techniques for DT
are available to provide error control [9,11,22,23].

Direct transcription is especially useful for problems with path
constraints as it avoids another level of nesting within simulation
to solve algebraic constraints; it is capable of handling higher-
index DAEs [22,24]. Inequality path constraints may be added
directly, a problem element that often is impossible to solve using
any other means [11]. The ability to manage nonlinear inequality
constraints is a primary motivation for extending DT to co-design,
as these constraints normally arise when realistic physical design
considerations are included in co-design problems [25], and clas-
sical optimal control methods cannot manage general inequality
constraints.

If Euler’s method, defined in Eq. (4), is used to convert state
equations to algebraic equations, the defect constraint functions
become

fiðN; xcÞ ¼ ni % ni%1 % hifdðni%1; xc; ti%1Þ

Implicit collocation methods for general nonlinear systems can
be used with DT without requiring inner iterations to solve for the
implicit state values. For example, the defect constraint functions
for the implicit trapezoidal method are

fiðN; xcÞ ¼ ni % ni%1 %
hi

2
fdðni%1; xc; ti%1Þ þ fdðni; xc; tiÞð Þ

ni is known a priori (it is a row of N), so defect equations may be
evaluated without inner iteration as is required with forward simu-
lation using implicit methods. This concept extends to high-order
implicit methods such as Gauss-Legendre, Radau, and Lobatto
collocation [16]. While these methods are very accurate, they typ-
ically are impractical for forward simulation. DT, however, speci-
fies N completely at each optimization iteration. The global
(simultaneous) solution of DT defect constraints makes possible
the use of higher-order implicit methods without the need for
inner iteration loops [8,26,27]. Using higher-order methods
reduces the number of time steps needed to maintain the required
precision, consequently reducing DT problem dimension.

Helpful insights can be gained by considering the different
paths through the combined state and design solution space traced
by the conventional nested (Eq. (8)) and DT methods. Figure 2 is
an abstraction of the design and state subspaces, each of which
may have high cardinality.

The nested approach (often referred to as single shooting (SS))
begins with an initial design point x0, which might include physi-
cal system design variables xp in addition to xc if a co-design
problem is being solved. Forward simulation is then used to solve
for state values N0 that are consistent with physics. The optimiza-
tion algorithm chooses a new point x1 with the objective of reduc-
ing J, and the process repeats until convergence to x';N'. The
nested method can move only in one subspace at a time, whereas
DT can move in both simultaneously, tracing a more direct path
to the solution. The ability to move in multiple subspaces simulta-
neously like this has been shown to enable identification of supe-
rior optimization solutions in some cases [28].

1.2 Relationship to Multidisciplinary Design Optimiza-
tion. In this section, the relationship between the three formula-
tions for optimal control discussed above (nested or SS, MS, and
DT) and single-level formulations for multidisciplinary design
optimization (MDO) [28,29] is clarified. The nested solution
approach in Eq. (8) can be viewed as a special case of the multi-
disciplinary feasible (MDF) formulation, where a complete sys-
tem analysis is performed at every optimization iteration. In other
words, the system is consistent with physics (i.e., feasible) during
the entire optimization process because the differential equations
are satisfied (approximately) at each optimization step. As with
MDF, optimization variables for the nested approach involve only
independent design variables, and the analysis task is consolidated
into a single monolithic process.

Fig. 2 Conceptual solution trajectories through design and
state subspaces
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The multiple shooting approach defined in Eq. (9) is a special
case of the individual feasible formulation (IDF), where the analy-
sis problem is partitioned into several smaller analysis tasks. Fea-
sibility is maintained within analysis subproblems via simulation,
but feasibility across subproblems is only guaranteed at optimiza-
tion convergence by defect constraints. In addition to independent
design variables, the set of optimization variables includes inter-
face (coupling) variables Y that quantify interactions between
analysis subproblems. Defect constraints ensure consistency
across subproblems at convergence and correspond to auxiliary
constraints in IDF. As a distributed analysis approach, multiple
shooting supports coarse-grained parallel computing.

Direct transcription (Eq. (10)) is a special case of the all-at-
once (AAO) formulation, where the optimization algorithm man-
ages both design and all analysis tasks. Analysis equations are em-
bedded in optimization equality constraints, and state variables
are part of the optimization variable set. The defect constraints in
DT are independent, enabling fine-grained parallel computing.
These relationships are summarized in Table 1.

2 Direct Transcription for Co-Design

Co-design methods seek to identify system-optimal designs for
controlled engineering systems by considering simultaneously
physical artifact (plant) and control system design. Conventional
sequential (plant then control) design processes produce subopti-
mal results because the two design domains are coupled. The se-
quential process is, in essence, a single iteration of block-
coordinate descent [25,30], which even if iterated does not always
guarantee system optimality.

It is the experience of the authors, through numerous interac-
tions with engineers across the automotive and aerospace indus-
tries, that control engineers often struggle to meet system
requirements when using sequential design due to the increasing
complexity and demands associated with modern engineering sys-
tems. Additionally, many new system capabilities are possible
only when plant and control design are considered together,
including applications in areas such as automotive suspension sys-
tems [31], biomimetic robotic locomotion [32,33], controlled
compliant mechanisms [34,35], and structural design [36,37].

New approaches are needed that preserve design freedom of
both plant and control design domains throughout the process.
Reyer et al. provided an early review of such strategies [2]. Fathy
proposed a co-design technique where the control design problem
is nested within the plant design problem, producing system-
optimal results [38]. Allison and Nazari introduced a co-design
method with distinct plant and control design subproblems that
are guided toward system optimality using augmented Lagrangian
coordination [39].

A fundamental challenge of solving co-design problems is man-
aging a heterogeneous set of design variables; control variables ei-
ther depend directly on time (e.g., u(t) in Eq. (5)) or are proxies
for time dependent variables, while plant design variables are
time-independent. Fathy’s nested co-design approach manages
this by employing established optimal control methods to solve
the inner control problem and nonlinear programming algorithms
to solve the outer plant design problem. Please note that Fathy’s
nested co-design method is different from the nested single-
shooting method discussed above; the former nests optimal con-
trol within plant optimization, whereas the latter nests simulation

within parameterized control design optimization. Allison and
Nazari introduced an alternative approach where an extension of
optimal control theory was used to account for time-independent
linking variables in the control design subproblem [39]. Please see
Ref. [25] for a more comprehensive review and classification of
co-design methods.

Allison and Herber identified challenges that arise when treat-
ing physical design aspects of co-design problems at a practical
level of sophistication [25]. Most previous co-design studies sim-
plified physical design to the point where no physical system
design constraints were employed beyond simple variable bounds,
and dependent variables p were treated as independent optimiza-
tion variables. This physical system design simplification has had
several critical effects. First, classical optimal control methods
may be applied to optimal control problems without inequality
constraints, leading to the conclusion that these methods are
suitable for co-design problems. Realistic co-design problems,
however, have inequality constraints (e.g., stress or fatigue con-
straints), and alternative solution strategies must be investigated.
The second effect of this simplification is that plant-control design
coupling appears to be unidirectional. The assumption of unidirec-
tionality has had a profound impact on recent developments in
co-design theory (e.g., Refs. [39] and [40]). These recent advance-
ments apply only to unidirectional co-design problems. Realistic
treatment of plant design requires the inclusion of nonlinear in-
equality constraints, and these constraints often depend on state
trajectories (e.g., fatigue depends on cyclic loading). Since state
trajectories depend on control design, and physical constraints and
design decisions depend on state trajectories, physical design,
therefore, depends on control design, and co-design problems that
treat physical design in a realistic way by nature have bidirec-
tional coupling. As a result, recent developments in co-design that
are based on assumptions of unidirectional coupling do not apply
to co-design problems with more complete treatment of physical
system design. The third effect of plant design simplification
stems from the use of dependent variables as optimization varia-
bles. Not only does this influence problem structure in a profound
way, but optimizing with respect to dependent variables can result
in problem formulations that are not well-posed [41].

These three effects of deeper plant design treatment motivate
the exploration of solution methods for optimal control that
accommodate nonlinear inequality constraints, account for bidir-
ectional coupling, and cope with problem structures associated
with independent design variables. In this article, we present an
extension of DT as a feasible strategy for solving co-design prob-
lems with deeper treatment of physical system design than in pre-
vious work. The suitability of this extension will be demonstrated
using a case study of an active automotive suspension, and it will
be shown that DT supports efficient solution of co-design prob-
lems. Using DT in co-design is just one element of a larger effort
to move toward more balanced co-design strategies that support
the consideration of practical physical design issues. For example,
Deshmukh and Allison introduced a new method for dynamic sys-
tem optimization, derivative function surrogate modeling, that has
reduced the computational expense of co-design problems based
on high-fidelity physical system models by up to an order of
magnitude [42].

As described earlier in this section, a core challenge in co-
design is the concurrent management of time-dependent and time-
independent variables. While DT has been applied successfully to

Table 1 Relationship between direct transcription and MDO

MDF/nested IDF/MS AAO/DT

Solution process Entire analysis feasible at every
optimization iteration

Individual analysis components
feasible at every optimization iteration

Analysis feasible only at
optimization convergence

Optimization variables Design variables Design and interface variables Design and state variables
Analysis type Consolidated analysis Partially distributed analysis Fully distributed analysis
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parameter estimation problems with time-independent variables
[8,11,43], the structure of parameter estimation and co-design
problems are very different. Problem structure can be analyzed
using graph-theoretic techniques [44]. Figure 3 illustrates a sim-
plified directed-graph view of the standard DT problem and DT
augmented to handle co-design problems. The plant (physical sys-
tem) analysis depends on both plant design variables and state
variable values, and calculates plant design constraints gpð$Þ and
intermediate variables (p) used in computing the objective func-
tion and dynamic constraints. This problem structure accounts for
bidirectional coupling between plant and control design (i.e., con-
trol design depends on plant design, and vice versa), which is a
more general problem representation than previous co-design
studies that account only for unidirectional coupling (control
design depends on plant design). A detailed examination of DT
co-design problem structure based on the active suspension case
study is provided in Sec. 3 (please refer to Fig. 11).

Dependence of plant analysis on N and influence on J, f, and fa

complicates DT implementation of co-design problems. This may
preclude the use of analytical derivatives and impacts the density
of the Jacobian matrix (complicating the application of large-scale
optimization methods).

The DT formulation for co-design used here is

min
N;xc;xp;tF

J ¼ /ðN; xc; xp; tFÞ

s:t: gpðN; xpÞ ( 0

fiðN; xc; xp; tFÞ ¼ 0

faiðN; xc; xp; tFÞ ¼ 0

where i ¼ 1; 2;…; nt % 1; nt

(11)

Figure 4 illustrates possible constraint Jacobian structures
(algebraic constraints omitted). Shaded areas indicate depend-
ence of constraints on variables. Here, xc is assumed to be a dis-
cretization of u(t). In both cases (a) and (b), defect constraints
each depend only on a limited number of state and control varia-
bles. The diagonal structure for the defect constraints arises
when state and control variables are ordered chronologically.
This sparse diagonal structure allows the use of sparse finite dif-
ferences to evaluate derivatives efficiently for those Jacobian
elements.

Incorporating the plant design variables and constraints associ-
ated with co-design problems increases overall problem density.
In general, plant and defect constraints may both depend on any
plant design variable (indicated by the shading in the second col-
umns in Fig. 4). In some problems, plant constraint dependence
on state variables may be dense (e.g., upper shaded rectangle in
Fig. 4(a), third column), increasing solution difficulty. Note that
plant constraints do not depend directly on final time or control
design in DT. Control or algebraic (path) constraints, if included,
normally depend on both state and control design variables.

Clever problem formulation can improve problem sparsity,
allowing the use of sparse finite differences to calculate additional
elements of the constraint Jacobian. For example, consider the

simple path constraint gðNÞ ¼ maxðN$jÞ % njallow ( 0, i.e., the jth
state must remain less than njallow at every time step. This is a very
dense nonlinear constraint; it depends on all values of state j. We
could instead formulate a linear constraint for each time step:
giðNijÞ ¼ Nij % njallow ( 0, i¼ 1, 2,…,nt, resulting in a large num-
ber of linear constraints with a diagonal sparsity pattern. Even
with the increased problem dimension, solution may be easier due
to linear constraint sparsity. This type of reformulation will be
demonstrated using the case study.

Figure 4(b) illustrates a DT co-design problem, where this type
of sparsity is exploited for some of the plant constraints (diagonal
pattern at the top of the third column). Other plant constraints
may still indeed depend on states at every time step (the dense
area below the diagonal area), and still other plant constraints may
be completely static and independent of state values (the blank
area). Even if a co-design problem is very dense, DT may prove
advantageous due to its ability to manage singular optimal control
problems, inequality path constraints, and support massive paral-
lelization [11]. Problem structure details will be explicated further
in the active suspension case study.

3 Active Suspension Case Study

In this section, we introduce a new model for an active suspen-
sion system—in fully reproducible detail—that includes a model
of important physical system design considerations in addition to
a dynamic model of the suspension. Effort was made to maintain
linearity of system dynamics to preserve the usefulness of this
model in other studies that are limited to linear time-invariant sys-
tems. Complete MATLAB

VR code for this case study is available at
the URL in Ref. [45].

Consider the quarter-car model of a vehicle suspension illus-
trated in Fig. 5. The sprung (ms) and unsprung (mus) mass vertical
positions are given by zs and zus, respectively. The system is
excited by variations in road elevation z0 as the vehicle travels at
speed v. Two types of road inputs are used to test the suspension:
a ramp input and a rough road input. Here we explore both the se-
quential and simultaneous approaches for designing this system
using direct transcription.

The passive dynamic response of this system can be character-
ized by the following system of linear differential equations:

Fig. 3 Analysis structure of (a) DT and (b) DT for co-design

Fig. 4 DT Jacobian structure: (a) dense and (b) sparse plant
constraints
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_n ¼ Anþ

%1
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zus % z0
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2
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3

7777775
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mus

4cs

mus

0 %1 0 1

0
4cs

ms
% 4ks

ms
% 4cs

ms

2

666666664

3

777777775

(12)

The tire and sprung mass spring stiffnesses are kt

(232.5) 103 N/m) and ks, respectively, and the tire and sprung
mass damping rates are ct and cs, respectively. Here we assume
ct¼ 0. This canonical model has been used as an example in
numerous design studies [46–49], including the design of active
control systems where an additional control input term Bu is
appended to Eq. (12) [50–52]. This control input represents an ac-
tuator force between the sprung and unsprung masses. The param-
eters ks and cs have often been treated as independent design
variables in past versions of this co-design problem [49,50,53] but
are in fact dependent on geometric design and are subject to
stress, fatigue, packaging, thermal, and other constraints. Here we
introduce an extension to the basic quarter-car model that treats ks

and cs as dependent variables and incorporates a plant model that
computes stiffness and damping coefficients as a function of inde-
pendent geometric spring and damper design variables. This
changes co-design problem structure and is an important step to-
ward co-design approaches that treat plant design with more real-
istic detail. The detailed spring and damper models are presented
below, followed by a demonstration of active suspension
co-design using DT.

3.1 Spring Design. The vehicle suspension in this model uti-
lizes a helical compression spring with squared and ground ends
(Fig. 6). The suspension has a “coil-over” configuration; the coil

spring surrounds the damper and they are coaxial. The spring
model presented here is derived from Ref. [54]. See also Refs.
[55] and [56] for alternative spring design optimization formula-
tions. The independent spring design variables here are the helix
diameter D, wire diameter d, spring pitch p, and the number of
active coils Na (relaxed to a continuous variable). These four vari-
ables are part of the complete plant design vector xp. The formula
for stiffness and a collection of spring design constraints are pre-
sented below.

The free length of the spring is L0¼ pNaþ 2d, and the solid
height is Ls¼ d(NaþQ% 1), where Q¼ 1.75 for squared and
ground ends. Fs is the axial force at the solid height, and the
spring constant is

ks ¼
d4G

8D3Na 1þ 1
2C2

" # (13)

where G is the shear modulus (ASTM A401, G¼ 77.2 GPa) and
C¼D/d is the spring index. Springs with C< 4 are difficult to
form, and springs with C> 12 can tangle. These requirements pro-
vide our first two plant design constraints

g1ðxpÞ ¼ 4% C ( 0 (14)

g2ðxpÞ ¼ C% 12 ( 0 (15)

The following constraint prevents buckling:

g3ðxpÞ ¼ L0 % 5:26D ( 0 (16)

The uncompressed spring must fit within the specified pocket
length (L0max¼ 0.40 m) for the vehicle

g4ðxpÞ ¼ L0 % L0max ( 0 (17)

The outer spring diameter must not exceed Domax¼ 0.25 m to pre-
vent interference with vehicle components

g5ðxpÞ ¼ d þ D% Domax ( 0 (18)

The spring inner diameter must be large enough to fit around the
damper with at least ddc¼ 9.0 mm clearance

g6ðxpÞ ¼ d % Dþ Dp þ 2ðddc þ tdÞ ( 0 (19)

where Dp is the damper piston diameter and td¼ 2.0 mm is the
damper wall thickness.

While suspension rattlespace (permissible peak-to-peak dis-
placement [46]) is often treated as an objective function to avoid
inequality constraints [47,50], it is more natural to formulate it as
a constraint based on vehicle geometry. Here, peak suspension

Fig. 5 Quarter-car vehicle suspension model

Fig. 6 Helical compression spring with squared ground ends
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displacement dmax is calculated using a vehicle simulation with a
ramp input (road grade of 25% at a speed of v1¼ 10 m/s) to check
for maximum rattlespace violation

g7ðxp;NÞ ¼ dmax % L0 þ Ls þ LB þ dg ( 0 (20)

This test requires specification of damper design, discussed in
Sec. 3.2. LB is bumpstop thickness (0.02 m), and dg¼msg/4ks is
the static suspension deflection (g¼ 9.81 m/s2).

Spring shear stress s at maximum deflection must not exceed
shear yield stress Ssy. The following model of shear stress incor-
porates the Bergstr€asser augmentation factor:

s ¼ 4Cþ 2

4C% 3

$ %
8FsD

pd3
;

where the axial force at the spring solid height is calculated using
Fs¼ ks(L0%Ls). The scaled stress constraint is

g8ðxpÞ ¼ ðsnd % SsyÞ=Ssy ( 0 (21)

and a design factor of nd¼ 1.2 is used. The shear yield strength is
assumed proportional to the ultimate tensile strength for the spring
material: Ssy¼ 0.65Sut, where Sut ¼ A) 106=ðdmÞ, A¼ 1974 MPa
mmm, and m¼ 0.108 (note here d is measured in mm). To ensure
spring linearity and validity of Eq. (12), the following constraint
must be satisfied:

g9ðxp;NÞ ¼ 0:15þ 1% L0 % Ls

dg þ 1:1dmaxf
( 0 (22)

where dmax f is the maximum spring deflection during a simulation
of the quarter-car over a rough road (International Roughness
Index (IRI)¼ 7.37 [49,57]) at a forward velocity of v2¼ 20 m/s.
Under these rough road conditions, the maximum axial spring
force is Fmax ¼ ksðdmaxf þ dgÞ, and the minimum force is
Fmin ¼ ksðdg % dmaxfÞ. The mean axial force and force amplitude
are Fm ¼ ðFmax þ FminÞ=2 and Fa ¼ ðFmax % FminÞ=2, respec-
tively. The mean shear stress and amplitude are

sm ¼
4Cþ 2

4C% 3

$ %
8FmD

pd3
; sa ¼

4Cþ 2

4C% 3

$ %
8FaD

pd3

Soderberg fatigue criterion with Zimmerli data is applied here

g10ðxp;NÞ ¼
sa

Se2
þ sm

Ssy
% 1 ( 0; where Se2 ¼ 0:24Sut=nd

(23)

g11ðxp;NÞ ¼
sand % 241) 106

241) 106
( 0 (24)

Spring design parameters are summarized in Table 2.

3.2 Damper Design. Equation (12) assumes linear damping,
i.e., the damping force FD is proportional to damper piston veloc-
ity _n3. Real suspension dampers are highly nonlinear due to both

design intent and practical physical limitations (Fig. 7). Here an
approach for constructing a linear damper is explored to improve
the utility of this model as a test problem.

Figure 8 illustrates a single-tube telescopic damper. On jounce
(compression), hydraulic fluid flows from the compression cham-
ber to the extension chamber through the compression valve. On
rebound (extension), fluid flows through the extension valve in the
reverse direction. The pressurized gas chamber, separated from
the hydraulic fluid by a floating piston, compensates for volume
change from rod movement. The effect of the foot valve is
neglected, and the piston valves are assumed to be spring-biased
spool valves, as shown in Fig. 9. As the damper is compressed,
the compression valve opens and fluid flows through ports in the
side of the spool valve. Other valve types exist and are in common
use, including disc, rod, and shim valves [58].

3.2.1 Damping Properties. The dependence of exposed port
area (Av) on valve lift (xv) is a key design element that influences
damping curve shape. Under standard assumptions, the damper will
be linear if either Av /

ffiffiffiffiffi
xv
p

or xv /
ffiffiffiffiffi
Fv

p
, where Fv is the valve

spring axial force. The latter relationship requires a nonlinear
valve spring. The former relationship (used here) requires that the
valve port shape is designed such that Av increases proportionately
with

ffiffiffiffiffi
xv
p

. More precisely, the ideal valve port area function is

~AvðxvÞ ¼ C2C0
ffiffiffiffiffi
xv
p

(25)

Table 2 Spring design parameters

ms/4 325 kg mus/4 65 kg
kt 232.5) 103 N/m ct 0
Q 1.75 G 77.2 GPa
L0max 0.40 m Domax 0.25 m
ddc 9 mm td 2.0 mm
lB 0.02 m nd 1.2
A 1974 MPa mmm m 0.108
v1 10 m/s v2 20 m/s

Fig. 7 Typical nonlinear damping curve

Fig. 8 Sectional view of a single-tube telescopic damper
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where C2 is the damper valve coefficient, C0¼ pD0 is the outer
circumference of the spool valve, and D0 is the valve diameter.
Port shape can be characterized by the arc length exposed by the
ports at the top of the working piston as a function of valve lift:
Ce(xv). The ideal valve port area function can be rewritten as

~AvðxvÞ ¼
ðxv

0

CeðsÞds (26)

Solving Eqs. (25) and (26) for Ce(xv) reveals that linear damping
requires the following exposed arc function:

~CeðxvÞ ¼
d

dxv

~AvðxvÞ ¼
1

2
C2C0x%1=2

v (27)

Unfortunately, as xv! 0, ~CeðxvÞ!1, which is physically unre-
alizable; Ce(xv) must remain less than the spool valve outer cir-
cumference C0. Several candidate functions for approximating
~CeðxvÞ were evaluated using a least squares approach with the
requirement CeðxvÞ ( gC0 for all xv* 0. The coefficient 0< g< 1
defines the upper limit of the proportion of C0 that may be
exposed (g¼ 0.9 here). The following exposed arc function was
selected:

CeðxvÞ ¼ a1 xv þ a2
1

" #%1=2
(28)

where a1 ¼ C3ðxm % C3Þ%1=2=2; xm ¼ A0Pallow=kv is the maxi-
mum valve lift at the maximum allowed damper pressure
Pallow ¼ 4:75 $ 106 Pa, kv¼ 7500 N/m is the spool valve spring
constant, A0 ¼ pD2

0=4m2 is the spool valve frontal area, and

C3 ¼
C2D0

2g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pPallow

kv

r

The damper valve coefficient is defined here as C2 ¼ gAf
ffiffiffiffiffiffi
xm
p

,
where Af is an area factor that can be used to tune port shape
(0<Af< 1). Here, Af¼ 0.1. Decreasing Af brings Ce(xv) closer to
ideal for linear damping, but increases the valve diameter required
to deliver a particular suspension damping coefficient cs, which is
calculated using

cs ¼
D4

p

8CdC2D2
0

ffiffiffiffiffiffiffiffiffiffiffiffi
pkvq1

2

r
(29)

where Dp is the working piston diameter, q1 is the damper fluid
density (850 kg/m3), and Cd is the discharge coefficient (+0.7 for
spool valves).

Damper stroke (total available axial displacement of the work-
ing piston) Ds is chosen here as an independent design variable.
The complete plant design vector can now be defined

xp ¼ ½d;D; p;Na;D0;Dp;Ds-

3.2.2 Thermal Properties. Fluid temperature increase due to
energy dissipation is an important consideration in damper design
as it can induce damper fade and influences useful damper life.
Heat generation in the damper is calculated based on the damping
coefficient and suspension stroke velocity, i.e., qgen ¼ cs

_n2
3. The

same rough road profile is used for thermal tests that were speci-
fied for the spring fatigue calculations.

Figure 10 illustrates the thermal model for the damper, similar
to the model found in Ref. [59], except here constant viscosity is
assumed. As the damper piston moves, heat is generated in the
damper fluid, which has heat capacity cp1¼ 2500 J/kgK, density
q1¼ 850 kg/m3, and volume vf. The fluid volume is vf ¼ pD2

p
ðDs þ ‘d1 þ ‘d3Þ=4, where ‘d1¼ 0.02 m and ‘d3¼ 0.02 m represent
the space required for damper valving and casting extensions,
respectively. Heat is conducted through the steel damper tube
(with conduction coefficient k2¼ 60.5 W/mK) to the atmosphere
with a constant temperature T4¼ 300 K. The convection coeffi-
cient between the damper and the atmosphere is h¼ 50 W/m2 K.
Heat capacity in the steel shell is small compared to that of the
damper fluid (cp1) and is assumed to be zero here, so T2¼ T3.

Heat flow from the damper fluid through the shell is

q0 ¼ qgen % q1vfcp1
@T1

@t
¼ 2pL2k2

ln r2=r1
ðT1 % T3Þ ¼ hA4ðT3 % T4Þ

where r1 and r2 are the inner and outer shell radii, L2

¼Dsþ ‘d1þ ‘d3 is the shell height, and A4¼ 2pr2L2 is the external
surface area of the shell. This DAE can be converted to a single
ordinary differential equation via substitution. We can rewrite this
system as

qgen % b1
_T1 ¼ b2ðT1 % T3Þ ¼ b3ðT3 % T4Þ

where the appropriate constants are replaced with b1, b2, and b3

for convenience. Choosing T1 as the state variable, the resulting
ODE is

_T1 ¼ %
b2b3

b1b2 þ b1b3
T1 þ

b2b3

b1b2 þ b1b3
T4 þ

qgen

b1
(30)

which can be simulated using the time history of n3 as input to
predict the resulting damper fluid temperature trajectory T1(t),
which is treated as a fifth state variable (n5) in this case study.

3.2.3 Damper Constraints

g12ðxpÞ ¼ L0 % Ls % Ds ( 0 (31)

ensures adequate damper range of motion

g13ðxpÞ ¼ 2Ds þ ‘d1 þ ‘d2 % L0max ( 0 (32)

requires the damper to fit within the pocket length L0max¼ 0.4 m;
‘d1¼ 0.02 m and ‘d2¼ 0.04 m quantify the space required for

Fig. 9 Sectional view of the piston compression valve

Fig. 10 Damper heat transfer model
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damper components above and below the working piston range,
respectively. The damper fluid temperature constraint prevents
fade and seal damage

g14ðxp;NÞ ¼ T1max % T1allow ( 0 (33)

where T1max is the maximum damper temperature achieved across
all vehicle simulations and T1allow¼ 390 K. This constraint was
never active in our suspension system design studies but may
become active given different design requirements or operating
conditions.

g15ðxp;NÞ ¼ Pmax % Pallow ( 0 (34)

ensures the maximum damper pressure achieved during simula-

tion (Pmax ¼ 4cs
_n3max=ðpD2

pÞ) does not exceed the seal maximum

pressure (Pallow¼ 4.75) 106 Pa).

g16ðxp;NÞ ¼ _n3max % _n3allow ( 0 (35)

protects damper components from excessive velocity
( _n3allow ¼ 5:0 m=s). The following is a clearance requirement
for the maximum amount of spool valve lift, where
xvmax ¼ A0Pmax=kv and xvallow ¼ 0:03 m:

g17ðxp;NÞ ¼ xvmax % xvallow ( 0 (36)

Damper design parameters are summarized in Table 3.

3.3 Problem Structure. Figure 11 illustrates the plant design
constraint Jacobian structure for the DT implementation of the
active suspension co-design problem. Black squares indicate lin-
ear dependence of a constraint on a variable, gray squares indicate
nonlinear dependence, and squares with diagonal stripes indicate
nonlinear relationships that can be made linear through a reformu-
lation. This is a detailed subset of the problem structure diagram
(first introduced in Fig. 4) that illustrates specifically the depend-
ence of plant constraints on design and state variables. More pre-
cisely, Fig. 11 corresponds to the two blocks in the first row and
second and third columns of Fig. 4(a). The dependence relation-
ships expressed in Fig. 11 can be used to construct part of the
directed graph problem structure representation introduced in
Fig. 3 (specifically, the dependence of plant constraints on plant
design and state variables). The rest of the directed graph can be
constructed based on the model presented earlier in this section.
This problem has no equality path constraints. The objective func-
tion (defined in Sec. 3.4) depends directly on state and control
design variables.

The DT co-design problem structure illustrated in Fig. 3 can be
verified by exploring the dependence relationships present in the
DT co-design formulation of this case study. Plant analysis,
including the calculation of plant constraints gpð$Þ and dynamic
system model parameters p, such as stiffness ks and damping cs

rates, depends on plant design xp (e.g., see Eqs. (13) and (29)).
Many plant constraints depend also on discretized state trajecto-
ries N. For example, stress and fatigue constraints depend on the
oscillatory behavior of the suspension. Defect constraints fð$Þ

depend on state trajectories and control design. Here, control
design is represented by the discretized control trajectory xc. The
objective function (given in Eq. (38)) depends on both state and
control trajectories. It is influenced by plant design indirectly
since system dynamics depend on plant design.

The constraints g1($)–g12($) have dense dependence on xp. Plant
constraints 7, 9–11, and 14–17 are influenced indirectly by plant
design variables since they depend on state, and defect constraints
enforce relationships between state and plant design variables.
Defect constraint dependence on xp and n is clear from the pres-
ence of these variables in the system matrix A of Eq. (12). Col-
umns corresponding to control input are omitted from Fig. 11 as
plant design constraints do not depend directly on xc. Plant con-
straints, however, may be influenced indirectly by control design
through defect constraints (e.g., the fatigue constraint depends on
state trajectories, and state trajectories depend on control design).

Figure 11 is a condensed representation of the plant constraint
Jacobian structure. The actual Jacobian includes nt columns for
each state variable (one for every time step). Note that nonlinear
dependence of a constraint on a variable results in a nonconstant
Jacobian entry (with respect to changes in that variable); a linear
dependence of a constraint on a variable corresponds to a constant
Jacobian entry, and no dependence of a constraint on a variable
results in a zero Jacobian entry (corresponding to white space in
Fig. 11). Note that while constraints g1($) and g2($) appear to be
nonlinear in Eqs. (14) and (15) since C¼D/d, they can be made
linear through simple algebraic manipulation.

In this example, all plant constraints that depend on state varia-
bles involve finding the maximum value of the associated state(s).
This is a nonlinear relationship. We can remove this nonlinearity
by replacing each constraint that depends on state with nt con-
straints—one for every time step. For example, in constraint 16,
we need to ensure that the maximum velocity _n3 does not exceed
_n3allow. Instead of calculating _n3max (a nonlinear operation), we
can compare _n3 ¼ n4 % n2 to _n3allow at every time step. Using this
approach, constraints 7, 9–11, and 14–17 can be made linear (with

Table 3 Damper design parameters

g 0.9 Pallow 4.75) 106 Pa
kv 7500 N/m Af 0.1
q1 850 kg/m3 cd 0.7
cp1 2500 J/kgK k2 60.5 W/mK
T4 300 K h 50 W/m2 K
‘d1 0.02 m ‘d2 0.04 m
‘d3 0.02 m T1allow 390 K
_n3allow 5.0 m/s xvallow 0.03 m

Fig. 11 Structure of the plant constraint Jacobian

Journal of Mechanical Design AUGUST 2014, Vol. 136 / 081003-9

Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 06/02/2014 Terms of Use: http://asme.org/terms

Dan
Rectangle



respect to states). This increases problem size, but these con-
straints have a sparse diagonal structure, and this reformulation
can result in more efficient solution when using algorithms that
can exploit the increased linearity within the problem. This is an
example of a reformulation that can produce the sparse diagonal
structure shown in the first row and third column of Fig. 4(b) (i.e.,
dependence of plant constraints on state).

The defect constraint Jacobian for this case study, which is not
shown here due to size, has dense dependence on xp, and a sparse
diagonal dependence on N and xc, similar to the structure of the
second row illustrated in Fig. 4(a).

3.4 Active Suspension Co-Design. The control input u(t) to
the quarter-car active suspension system is an active force
between the sprung and unsprung masses. This force could be
realized via an actuator such as an electromagnetic linear motor
[60,61], but actuator details will not be considered here and we
will assume that an arbitrary force trajectory u(t) can be achieved,
in some cases within maximum force limits. The control design
variable xc is a time-discretization of this actuation force trajec-
tory, i.e.,

xc ¼ ½u1; u2;…; unt
-T

where ui¼ u(ti). The active suspension state-space model with the
road disturbance and control input terms is

_n ¼ Anþ

%1

4ct

mus

0

0

2

666664

3

777775
_z0 þ

0

% 1

mus

0

1

ms

2

66666664

3

77777775

u (37)

The system objective function incorporates handling, comfort,
and control cost using a Lagrange term

J ¼
ðtF

0

ðr1ðzus % z0Þ2 þ r2€z2
s þ r3u2Þdt (38)

where the weights r1¼ 105, r2¼ 0.5, and r3¼ 10%5 ensure each
component of the objective is approximately the same magnitude.
The objective depends on end time tF, which is treated as a fixed
parameter here. As described above, this design problem incorpo-
rates two road profile inputs: ramp and rough road profiles. To
balance the contribution of each road profile to the overall objec-
tive function, the following weighted summation was used:
J ¼ 1) 10%2

ramp þ Jrough, where Jramp and Jrough are the values of
the above integral for the ramp and rough road inputs,
respectively.

The plant design variable bounds xp ( xp ( xp used here are

xp ¼ ½0:005; 0:05; 0:02; 3; 0:003; 0:03; 0:1-
"xp ¼ ½0:02; 0:4; 0:5; 16; 0:012; 0:08; 0:3-

The simultaneous solution approach was implemented using a
large-scale interior-point algorithm from the MATLAB

VR optimiza-
tion toolbox. The sequential approach employed a SQP algorithm
for plant optimization and then an interior-point algorithm for DT
control design optimization. Problem structure was exploited by
utilizing the sparse Jacobian functionality of these algorithms. An
initial simulation of the open-loop system was also performed to
determine appropriate time steps hi to use in solving Eq. (11).

3.4.1 Sequential and Simultaneous Optimization for Co-
Design. The active suspension system design problem was solved
using both the sequential and simultaneous design approaches.

When using the sequential approach, we can either assume a fixed
control system design as we design the plant, or ignore the control
system and design the suspension as a passive system. Allison and
Herber classify plant design options for the sequential approach in
greater detail and identify five specific strategies for plant design
[25]. Case 1 is used here, where the plant design is based on a pas-
sive system (no active control, u¼ 0), and the original system
objective function is used. In many previous studies, a different
objective is used for plant design. In Allison’s classification sys-
tem, using a different objective function would correspond to case
2 if a passive dynamic model is used for plant design or case 3 if a
static plant model is used.

In the sequential approach, the optimal control problem was
solved using direct transcription after solving the plant design
optimization problem. The resulting solution is

xseq' ¼ ½0:0147; 0:150; 0:0522; 4:05; 0:0070; 0:0422; 0:170-
(39)

The objective function values for both approaches are reported in
Table 4, including the individual contributions to this value from
both the ramp and rough road simulations. The solution obtained
using the DT simultaneous approach (Eq. (11)) with the trapezoi-
dal collocation method is

xDT' ¼ ½0:0097; 0:0620; 0:0201; 15:3; 0:0061; 0:0303; 0:170-
(40)

The computation time and required number of function evalua-
tions are reported in Table 5 based on solution using a workstation
with a 64 bit six-core, 12-thread i7–3930 K processor with 32 GB
of DDR3 1600 MHz RAM running Ubuntu 12.04.

The simultaneous approach generates a superior design (almost
20% lower objective function value). While the sequential
approach required less computation time, its result is not system-
optimal. In addition, a simplified DT implementation was used in
this case study (i.e., low-order trapezoidal collocation). Extension
to high-order implicit collocation and further investigation of
capitalizing on sparsity patterns within the new DT co-design prob-
lem structure may lead to substantial efficiency improvements for
simultaneous solution. For example, distributed optimization meth-
ods for co-design, such as those presented in Ref. [39], may support
the use of sparse optimization methods with DT while producing
system-optimal designs. This is a subject for future work.

Additional insights can be obtained by inspecting the dynamic
response corresponding to these two solutions (Figs. 12 and 13).
The sprung mass response is shown along with the control force
for both the ramp and rough road inputs. One immediate observa-
tion is the significantly higher control force magnitude required
by the simultaneous approach (+2400 N compared to +1400 N
for sequential). In the sequential approach, the plant design is first
optimized as a passive system, so the lower control effort is
expected. The damping rate for the sequential result (cs¼ 2580

Table 4 Objective function values and components

Sequential Simultaneous

Jramp 52.4 55.8
Jrough 2.09 1.57
J¼ 0.01Jrampþ Jrough 2.63 2.12

Table 5 Computation time and function evaluation

Sequential Simultaneous

Computation time 4.12) 103 s 5.81) 104 s
Function evaluations 773 12,927
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Fig. 12 System responses for sequential optimization. (a) Sprung mass response to ramp
input. (b) Sprung mass response to rough road input. (c) Control force (ramp input). (d) Con-
trol force (rough road input)

Fig. 13 System responses for simultaneous optimization. (a) Sprung mass response to ramp
input. (b) Sprung mass response to rough road input. (c) Control force (ramp input). (d) Control
force (rough road input)
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Ns/m) is higher than for the simultaneous result, which is also
congruent with the lower control effort required for the sequential
design. See Table 6 for a comparison of damping and stiffness
rates. The nested co-design method was implemented as well.
While nested co-design can produce system-optimal results, it
was very computationally inefficient for this case study, and the
results are not reported here. The simultaneous co-design strategy
with DT proved to be the most efficient method for identifying a
system-optimal solution.

3.4.2 Transition From Passive to Active Dynamics. An im-
portant issue that we can begin to address here is how active sys-
tems should be designed differently than passive systems. This is
a core question in the study of co-design, and improved under-
standing of the answer is becoming increasingly important as
active dynamic systems become more ubiquitous. One strategy
for investigating fundamental principles of active system design is
to examine how system-optimal designs change as the role of
active control is gradually increased for a particular system. The
role of active control in the active suspension case study can be
modified by imposing explicit bounds on maximum control force.
Co-design results with bounds near zero will be close to the pas-
sive system results, and the bounds can then be increased continu-
ously to observe how design and dynamic properties change as
active control plays an increasingly important role.

This study was performed using multiobjective optimization.
The resulting Pareto sets are presented in Fig. 14, which illustrates
the tradeoff between maximum control force umax and dynamic
system performance (as measured by the combined objective

function J defined in Eq. (38)). Results are displayed for both the
sequential and simultaneous solution methods.

For both the sequential and simultaneous methods, reducing
umax increases the smallest attainable value for J. For all values of
umax tested in this study, the simultaneous result is superior to the
sequential result. Reducing umax results in a smaller difference
between the sequential and simultaneous method minimum objec-
tive function values. This is expected since tight bounds restrict
the potential influence of active control as well as the potential
synergistic coupling between plant and control system design.

As umax is increased, the objective for the simultaneous approach
decreases (approximately) monotonically. The objective obtained
using the sequential approach, however, decreases with increasing
umax only until umax + 1000 N. Beyond this, no improvement can be
made. To explain this observation, notice that the optimal plant
design is independent of control in sequential design and is therefore,
not influenced by umax. In other words, when using sequential
design, the plant design result is always the same (see Eq. (39) for
this value). While some improvement to system performance can be
made by adding active control to the optimal passive system result,
Fig. 14 illustrates a clear limit to the improvement that can be
achieved via control design improvements alone. Further improve-
ment will require plant design changes that are synergistic with
active control (i.e., co-design). Co-design helps engineers create pas-
sive system dynamics that combine in an ideal manner with active
control [62,25] to produce the best possible system performance.

Each point on the Pareto sets in Fig. 14 represents a complete
system design (plant and control). These designs can be explored
in more detail to reveal additional insights about the transition
from passive to active system design. Table 7 lists the plant design
and dependent suspension parameters for a subset of points in the
Pareto set. Each column corresponds to a different control force
bound umax and its associated optimal design. Only co-design
results are listed (recall that xp' in sequential design is constant).

Stiffness and damping decrease with larger umax. Internal forces
from passive elements must be reduced to accommodate a stron-
ger control system if higher-performance dynamics that are funda-
mentally distinct from the passive system are to be realized.

While examining plant design does provide important insights,
it does not paint a complete picture of system dynamics. Deeper
analysis of changes in system dynamics is required. Modal analy-
sis was performed on each of the designs in the Pareto set corre-
sponding to simultaneous design [63]. The results of this analysis
are summarized in Table 8.

The suspension has two mechanical degrees of freedom
(DOFs). The unsprung mass position zus is the first DOF, and the
sprung mass position zs is the second. As a two-DOF system, the
quarter car suspension model has two vibration mode shapes (pat-
terns of oscillation), w1 and w2. Each mode has a corresponding
natural frequency xi; both masses will oscillate at frequency xi

when mode shape wi is excited. Vibration modes are a property of
passive dynamics (i.e., free vibrations) that are independent of
control design, but the passive dynamic properties reported here
reflect a system that has been optimized to work with active con-
trol, providing insights into how the dynamic properties of physi-
cal systems should be designed differently for active control.

Table 6 Comparison of optimal stiffness and damping rates

Sequential Simultaneous

ks 3.30) 104 N/m 2.36) 104 N/m
cs 2.58) 103 Ns/m 1.03) 103 Ns/m

Fig. 14 Pareto sets illustrating the tradeoff between maximum
control force and system objective function value (both sequen-
tial and simultaneous solution approaches)

Table 7 Optimal plant designs for a range of maximum control force values

umax (N) 100 200 300 400 500 1000 1500 2000 2500 3000 4000

d (m) 0.0117 0.0117 0.0115 0.0113 0.0113 0.0108 0.0105 0.0104 0.0101 0. 098 0.0097
D (m) 0.0752 0.0743 0.0743 0.0733 0.0727 0.0711 0.0675 0.0662 0.0631 0.0639 0.062
p (m) 0.0239 0.0236 0.0237 0.0234 0.0232 0.0228 0.0217 0.0213 0.0203 0.0207 0.0201
Na 12.73 13.04 12.72 12.89 13.04 13.04 13.97 14.36 15.31 14.47 15.28
D0 (m) 0.007 0.0069 0.0069 0.0069 0.0068 0.0068 0.066 0.0065 0.0061 0.0064 0.0062
Dp (m) 0.0415 0.0406 0.0408 0.04 0.0394 0.0382 0.035 0.0338 0.0311 0.0321 0.0300
Ds (m) 0.17 0.17 0.17 0.17 0.17 0.17 0.17 0.17 0.17 0.17 0.17
ks (104 N/m) 3.30 3.32 3.15 3.10 3.07 2.82 2.68 2.64 2.53 2.35 2.36
cs (104 Ns/m) 2.47 2.34 2.33 2.22 2.15 1.87 1.48 1.34 1.17 1.15 0.97
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The mode shapes and natural frequencies in Table 8 were cal-
culated based on a mass-normalized stiffness matrix, i.e.,
eK ¼M%1=2KM%1=2, where M and K are the 2) 2 mass and stiff-
ness matrices from the second-order system of differential equa-
tions that is equivalent to the first-order system given in Eq. (37).

Table 8 shows that natural frequency for both modes decreases
with increasing control authority. This is congruent with the
decreasing stiffness and damping apparent in Table 7. Mode
shapes indicate how a system resonates. While stiffness changes
substantially as the role of control is increased, both suspension
mode shapes exhibit relatively little change. Sprung mass ampli-
tude in w1 does decrease some with increasing umax, and unsprung
mass amplitude in w2 decreases with increasing umax.

Modal damping values cannot be computed exactly from sys-
tem matrices because this system does not exhibit proportional
damping. An approximate modal damping value !i was calculated
for each design by identifying a proportionally damped system
(i.e., a system where the damping matrix is C¼ aMþbK, where
a and b are constants) that is as close as possible to the actual sys-
tem in a least-squares sense. This provides an approximate indica-
tion of how close to critical damping (!i¼ 1, fastest possible
response without overshoot) each design is. The modal damping
values in Table 8 move farther away critically damped with
increasing control effort, indicating that these designs rely more
on active control to manage overshoot than on passive elements.

Finally, the eigenvalues for the system matrix A from Eq. (37)
were computed (Table 8). Both real and imaginary parts decrease
in magnitude as umax increases, indicating that the passive system
dynamics slow down and play a smaller role in system behavior as
the control force bound is increased. Additional analysis methods
for studying the dynamics of active and passive vehicle suspension
systems can be found in Refs. [53], [64], and [65]. An important ob-
servation here is that passive forces are not just reduced, but
reduced in a way that complements control system dynamics.

While this example is a relatively simple system that exhibited
simple trends in the parametric study on control force, it illustrates
the type of investigation that could help reveal how the physical
aspects of actively controlled systems should be designed differ-
ently than for passive systems. These results motivate more
extensive studies based on carefully selected co-design prob-
lems—from a range of application domains—to seek fundamental
design principles for active dynamic systems. For example, test
problems might be designed such that off-diagonal terms in the
mass matrix can be varied by adjusting plant design to investigate
changes in optimal levels of dynamic coupling. Nonlinear test
problems may provide complementary insights. This work also
highlights the importance of co-design investigations with deeper
treatment of physical system design. The case study presented
here is one step toward more realistic plant design models, but
still utilizes a low-fidelity model that involves only continuous

design variables. This creates a fundamental limitation on plant
design exploration. In addition to use of high-fidelity models, co-
design studies aimed at deeper understanding of fundamental
plant design principles for active systems should incorporate sys-
tem architecture design exploration [25,66–69].

4 Conclusion

Direct transcription was reviewed, and an extension of DT to
co-design problems was introduced and demonstrated using an
active suspension design problem. The case study built upon
existing active suspension design problems by incorporating
detailed physical system design considerations and physically in-
dependent design variables. The system model maintains linearity
of the differential equations, making it suitable for a range of
other co-design studies. While DT results in large problem dimen-
sion, it is arithmetically consistent, enables fine-grained parallel-
ism and the use of higher-order implicit methods, and can be
applied to challenging design problems that are otherwise unsolv-
able (e.g., inequality path constraints, open-loop instabilities). The
case study illustrates that DT co-design has advantages over the
sequential design approach. DT offers a path forward for solving
especially difficult co-design problems, including those with real-
istic plant inequality constraints, bidirectional coupling, and co-
design problems involving singular optimal control. The large
size and density of the DT optimization problem remains a chal-
lenge for its applicability in co-design. Creative formulations can
help improve problem structure, but in some cases problem den-
sity will make efficient DT solution difficult, at least with cur-
rently known techniques. Exploration of this new problem
structure and development of more efficient DT co-design solu-
tion implementations are opportunities for further contribution to
the design of modern engineering systems.
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